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Iluvw Yhuvlrq= Qryhpehu 4<<;
Wklv Yhuvlrq= Mxo| 4<<<
Devwudfw= Wkh rujdql}dwlrq ri vxsso| uhodwlrqv ydulhv dfurvv lqgxvwulhv1 Wklv sdshu exlogv d wkhr0
uhwlfdo iudphzrun wr frpsduh wkuhh dowhuqdwlyh vxsso| vwuxfwxuhv= yhuwlfdo lqwhjudwlrq/ qhwzrunv/
dqg pdunhwv1 Wkh dqdo|vlv frqvlghuv wkh uhodwlrqvkls ehwzhhq xqfhuwdlqw| lq ghpdqg iru vshflf
lqsxwv/ lqyhvwphqw frvwv/ dqg lqgxvwuldo vwuxfwxuh1 Lw vkrzv wkdw qhwzrun vwuxfwxuhv duh pruh
olnho| zkhq surgxfwlyh dvvhwv duh h{shqvlyh dqg upv h{shulhqfh odujh lglrv|qfudwlf vkrfnv lq
ghpdqg1 Wkh dqdo|vlv lv vxssruwhg e| h{lvwlqj hylghqfh dqg surylghv hpslulfdo suhglfwlrqv dv wr
wkh vkdsh ri glhuhqw lqgxvwulhv1
Nh|zrugv= yhuwlfdo vxsso|/ lqgxvwuldo vwuxfwxuh/ ghpdqg xqfhuwdlqw|
MHO Fodvvlfdwlrq= G53/ G73/ G;5/ O43/ O55
-Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Pdu|odqg/ Froohjh Sdun/ PG 53:751
--Ghsduwphqw ri Hfrqrplfv/ Ervwrq Xqlyhuvlw|/ 5:3 Ed| Vwdwh Urdg/ Ervwrq/ PD 355481
Zh duh judwhixo wr Vwhidq Nulhjhu iru khosixo frqyhuvdwlrqv dqg Plnh Ulrugdq dqg vhplqdu sduwlfl0
sdqwv dw Eurzq Xqlyhuvlw|/ Kduydug2PLW/ dqg wkh Xqlyhuvlw| ri Zlvfrqvlq iru ydoxdeoh frpphqwv1
Udfkho Nudqwrq wkdqnv wkh Uxvvhoo Vdjh Irxqgdwlrq iru lwv krvslwdolw| dqg qdqfldo vxssruw dv
zhoo dv wkh QVI +Judqw VEU0<;39396,1 Gherudk Plqhkduw wkdqnv wkh QVI +Judqw VEU0<;39534,
iru qdqfldo vxssruw dqg wkh Frzohv Irxqgdwlrq/ \doh Xqlyhuvlw| iru krvslwdolw| dqg qdqfldo vxs0
sruw1
 W?|hL_U|L?
Wkh rujdql}dwlrq ri vxsso| uhodwlrqv ydulhv dfurvv lqgxvwulhv1 Wklv sdshu vwxglhv wkuhh dowhuqdwlyh
vwuxfwxuhv= pdunhwv/ qhwzrunv/ dqg yhuwlfdo lqwhjudwlrq1 Fdvh vwxglhv vkrz dq dexqgdqfh ri
lqgxvwulhv rujdql}hg dv qhwzrunv/ exw prvw hfrqrplf wkhru| frqvlghuv rqo| yhuwlfdo lqwhjudwlrq
dqg pdunhwv1 Wklv sdshu ghyhorsv d wkhruhwlfdo iudphzrun wr vwxg| doo wkuhh vwuxfwxuhv/ dqg
wkh uhodwlrqvkls ehwzhhq vwuxfwxuh/ ghpdqg xqfhuwdlqw| iru vshflf lqsxwv/ dqg lqyhvwphqw frvwv1
Wkh dqdo|vlv lv vxssruwhg e| h{lvwlqj hylghqfh dqg surylghv hpslulfdo suhglfwlrqv dv wr wkh vkdsh
ri glhuhqw lqgxvwulhv1
Qhwzrunv +zh surylgh h{dpsohv ehorz, duh glvwlqfw iurp yhuwlfdoo| lqwhjudwhg upv dqg gh0
fhqwudol}hg pdunhwv1 Pdqxidfwxuhuv pdlqwdlq rq0jrlqj frqwdfw zlwk wkhlu vxssolhuv1 Wkh| wudlq
wkhp/ surylgh vshfldol}hg htxlsphqw dqg nqrz0krz/ dqg rwkhuzlvh lqyhvw lq wkh uhodwlrqvkls1
Vxssolhuv dovr lqyhvw lq dvvhwv wkdw doorz wkhp wr surgxfh lqsxwv wr ex|huv* vshflfdwlrqv1 D
pdqxidfwxuhu0vxssolhu uhodwlrqvkls lv w|slfdoo| qrq0h{foxvlyh> ex|huv kdyh vhyhudo vxssolhuv iru
hdfk lqsxw/ dqg vxssolhuv kdyh vhyhudo folhqwv1 Lq frqwudvw/ d yhuwlfdoo| lqwhjudwhg up kdv lwv rzq
vxsso| idflolwlhv iru vshfldol}hg lqsxwv1 Jhqhudo Prwruv lq wkh 4<83*v lv wkh fdqrqlfdo h{dpsoh1 Lq
lqsxw _pdunhwv/% pdqxidfwxuhuv gr qrw pdlqwdlq uhodwlrqvklsv zlwk vhoohuv dqg rqo| vwdqgdugl}hg
lqsxwv fdq eh rewdlqhg1
Wkh h{lvwhqfh ri ex|hu0vhoohu qhwzrunv lv sx}}olqj iurp d wkhruhwlfdo shuvshfwlyh1 Zhoo0nqrzq
dujxphqwv lpso| yhuwlfdo lqwhjudwlrq lv olnho| zkhq whfkqrorj| lqyroyhv frvwo| vshflf lqyhvwphqwv
wkdw lpsuryh wkh ydoxh ri lqsxwv= Yhuwlfdo lqwhjudwlrq holplqdwhv h{ srvw qrq0frrshudwlyh edujdlq0
lqj ehwzhhq d ex|hu dqg vhoohu dqg wkxv lpsuryhv lqyhvwphqw lqfhqwlyhv ^Zlooldpvrq +4<:8/ 4<;8,/
Nohlq/ Fudzirug dqg Dofkldq +4<:;,/ Jurvvpdq dqg Kduw +4<;9,/ Kduw dqg Prruh +4<<3,`1 Wklv
sdshu grhv qrw frxqwhu wklv dujxphqw1 Udwkhu/ zh srvlw d frxqwhuyhlolqj lqfhqwlyh iru yhuwlfdo
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glvlqwhjudwlrq urrwhg lq xqfhuwdlqw| lq ghpdqg iru vshfldol}hg lqsxwv12
D vlpsoh h{dpsoh looxvwudwhv1 Frqvlghu dq lqgxvwu| ri ghvljqhu forwklqj frqvlvwlqj ri Q A 5
pdqxidfwxuhuv hdfk zlwk lwv rzq _vw|oh1% Lq hdfk vhdvrq/ h{dfwo| wzr ri wkh Q duh idvklrq
_zlqqhuv% dqg vhfxuh kdoi ri wkh frqvxphu ghpdqg hdfk1 Qrupdol}h wklv ghpdqg wr wzr/ dqg
vxssrvh wkdw hdfk srwhqwldo vxssolhu fdq lqyhvw lq rqh xqlw ri frvwo| fdsdflw|1 Wkhq dq hflhqw
lqgxvwuldo vwuxfwxuh lqyroyhv h{dfwo| wzr vxssolhuv wkdw vhoo wr zklfkhyhu upv duh wkh idvklrq
_zlqqhuv1% Wkh upv pd| eh wkrxjkw ri dv d qhwzrun +dvvxplqj wkdw hdfk pdqxidfwxuhu lqyhvwv
lq wkh vxssolhuv/ e| wudlqlqj wkhp/ ordqlqj htxlsphqw/ h{sodlqlqj ghvljqv/ hwf1, lq zklfk wkh Q
pdqxidfwxuhuv vkduh wkh fdsdflw| ri wzr vxssolhuv1e Wkh vxssolhuv duh h{leoh ehfdxvh/ wkdqnv wr
wkhlu rzq dqg wkh pdqxidfwxuhuv* lqyhvwphqwv/ wkh| fdq surgxfh forwklqj iru dq| ri wkhp1D
Wklv frqqhfwlrq ehwzhhq xqfhuwdlqw| dqg hfrqrplhv ri vfdoh kdv lwv ruljlq lq wkh _uhsdlupdq
sureohp% +Ihoohu +4<83,/ Urwkvfklog dqgZhughq +4<:<,,1 Wklv sdshu dggv wkh uhtxluhphqw ri olqnv
ehwzhhq wudglqj sduwqhuv dqg ghprqvwudwhv wkh frqqhfwlrq ehwzhhq wkh _uhsdlupdq sureohp% dqg
qhwzrun lqgxvwuldo vwuxfwxuhv1 Zh vkrz krz wkh srvlwlrq ri d olqn ghwhuplqhv lwv frqwulexwlrq wr
hfrqrplf zhoiduh dqg uhodwh wkdw frqwulexwlrq wr wkh glvwulexwlrq ri ex|huv* lglrv|qfudwlf vkrfnv1
Pruhryhu/ zh h{dplqh wkh vwudwhjlf lqfhqwlyhv ri upv wr exlog wkhvh olqnv1
Zh glvfxvv ehorz wzr fdvhv/ wkh jduphqw lqgxvwu| lq Qhz \run Flw| dqg wkh Mdsdqhvh hohf0
wurqlfv lqgxvwu|/ zkhuh ex|huv kdyh xqfhuwdlq ghpdqg iru vshfldol}hg lqsxwv dqg wkh lqgxvwulhv
duh rujdql}hg dv qhwzrunv1 Lq erwk vhwwlqjv/ olqnv ehwzhhq d ex|hu dqg vhoohu doorz wkh vhoohu wr
eh deoh wr pdnh vshfldol}hg lqsxwv wr d ex|hu*v vshflfdwlrqv1 Zh dovr glvfxvv lqgxvwulhv zkrvh
vwuxfwxuhv kdyh fkdqjhg ryhu wlph dqg glhuhqw vrxufhv ri ghpdqg xqfhuwdlqw|1
Wklv sdshu dqdo|}hv krz ghpdqg xqfhuwdlqw| dv zhoo dv frqwudfwxdo lqfrpsohwhqhvv pd| dhfw
lqgxvwuldo vwuxfwxuh1 Zh uvw fkdudfwhul}h wkh hflhqw lqgxvwuldo vwuxfwxuh lq whupv ri ghpdqg
xqfhuwdlqw| dqg lqyhvwphqw frvwv1 Zh wkhq dvn zkhwkhu vwudwhjlf upv zloo exlog wkhlu rzq vxsso|
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idflolwlhv +l1h1/ yhuwlfdoo| lqwhjudwh,/ mrlq dq dqrq|prxv pdunhw/ ru lqyhvw lq d qhwzrun1 Lq qhw0
zrunv/ h{ dqwh lqyhvwphqwv zloo dhfw h{ srvw edujdlqlqj srvlwlrqv dqg wkxv lqglylgxdo lqyhvwphqw
lqfhqwlyhv pd| glyhujh iurp vrfldo lqfhqwlyhv1 D ex|hu wkdw lqyhvwv lq lwv rzq h{foxvlyh vxsso|
idflolw| grhv qrw idfh wklv sureohp1 Zh vkrz wkdw ghvslwh vxerswlpdo htxloleulxp lqyhvwphqw lq
qhwzrunv/ qhwzrun lqgxvwuldo vwuxfwxuhv duh riwhq _vhfrqg0ehvw1% Dv ex|huv idfh juhdwhu ghpdqg
xqfhuwdlqw|/ qhwzrunv duh htxloleulxp rxwfrphv dqg |lhog juhdwhu zhoiduh wkdq yhuwlfdo lqwhjudwlrq
dqg pdunhwv1
Wkhvh uhvxowv surylgh vrph qhz lqwxlwlrqv derxw pxowlsoh vrxuflqj duudqjhphqwv1 Iluvw/ df0
fruglqj wr wkh wudglwlrqdo ylhz/ pxowlsoh vrxuflqj e| d ex|hu uhgxfhv wkh edujdlqlqj srzhu ri
vhoohuv +Ghpvnl hw1 do1 +4<;:,/ Vfkhpdq dqg Vsloohu +4<<5,/ Ulrugdq +4<<9,,1 Zkhq/ dv kdsshqv
lq qhwzrunv/ erwk ex|huv dqg vhoohuv kdyh pxowlsoh wudglqj sduwqhuv/ wklv _pxowlodwhudo% vrxuflqj
pd| edodqfh wkh edujdlqlqj srzhu ri ex|huv dqg vhoohuv wr plwljdwh +li qrw hqwluho| holplqdwh,
wkh krog0xs sureohpv wkdw zrxog rwkhuzlvh glvwruw lqyhvwphqw lqfhqwlyhv1 Vhfrqg/ dffruglqj wr
wkh wudglwlrqdo ylhz/ upv whqg qrw wr pdnh vshflf lqyhvwphqwv zkhq ex|huv dqg vhoohuv duh qrw
lqwhjudwhg1 Lq qhwzrunv/ ex|huv pdnh pdq| vshflf lqyhvwphqwv/ srvvleo| hyhq pruh wkdq xqghu
yhuwlfdo lqwhjudwlrq1 Ex|huv lq idfw pdnh pxowlsoh vshflf lqyhvwphqwv/ e| exloglqj olqnv wr vhyhudo
vhoohuv1 Lq dgglwlrq wr lqfuhdvlqj wkh jdlqv iurp wudgh/ wklv pxowlsolflw| hqvxuhv wkdw vhoohuv kdyh
wkh lqfhqwlyh wr lqyhvw lq h{leoh dvvhwv dqg doorzv d vdylqjv rq ryhudoo lqyhvwphqw frvwv ehfdxvh
ex|huv vkduh wkh surgxfwlyh fdsdflw| ri ihzhu vhoohuv1 Wklug/ rxu pxowlodwhudo vhwwlqj uhyhdov d
qhz frqvhtxhqfh ri yhuwlfdo phujhu1 Zkhq dq xsvwuhdp up kdv dw prvw rqh uhodwlrqvkls wr d
grzqvwuhdp up/ Erowrq dqg Zklqvwrq +4<<6, qg wkdw yhuwlfdo phujhu fdq ohdg wr lqhflhqwo|
kljk ohyhov ri lqyhvwphqw lq d vshflf dvvhw1 Lq rxu qhwzrun vhwwlqj/ zklfk doorzv iru pdq| yhuwlfdo
uhodwlrqvklsv/ zh qg wkdw grzqvwuhdp upv wkdw rzq d qhwzrun surgxfwlyh idflolw| pljkw qrw
lqyhvw lq uhodwlrqvklsv zlwk rwkhu xsvwuhdp upv/ hyhq zkhq vxfk olqnv zrxog eh hflhqw1 Wkxv/
wkh ryhudoo lqyhvwphqw hhfw ri yhuwlfdo phujhu lv dpeljxrxv1
D vhulhv ri hduolhu sdshuv kdv frqvlghuhg wkh lpsdfw ri ghpdqg xqfhuwdlqw| rq up dqg pdunhw
ehkdylru1 Lq wklv zrun/ upv pxvw vhw sulfhv ru txdqwlwlhv ehiruh ghpdqg xqfhuwdlqw| lv uhvroyhg
^Edurq +4<:4,/ Ohodqg +4<:5,/ Krowkdxvhq +4<:9,/ Fduowrq +4<:;,`1 Fduowrq +4<:<, vkrzv wkdw
zkhq frpshwlwlyh vhoohuv fdqqrw dgmxvw wkhlu sulfhv ri d krprjhqhrxv lqsxw wr wkh qxpehuv ri
udqgrpo| duulylqj ex|huv/ yhuwlfdo lqwhjudwlrq lv dozd|v lqhflhqw +ehfdxvh zkhq ex|huv zlwkgudz
6
iurp wkh pdunhw/ ghpdqg yduldwlrq lqfuhdvhv,1 Ex|huv/ krzhyhu/ pd| yhuwlfdoo| lqwhjudwh wr dyrlg
lqsxw udwlrqlqj1 Lq wkh suhvhqw sdshu/ dv lq Erowrq dqg Zklqvwrq +4<<6,/ sulfhv dgmxvw diwhu
xqfhuwdlqw| lv uhdol}hg/ vr wkhuh lv qr lqsxw udwlrqlqj1 Zh frqvlghu glhuhqw uhdvrqv iru yhuwlfdo
lqwhjudwlrq1 Xqghu fhuwdlq ghpdqg dqg frvw frqglwlrqv/ yhuwlfdo lqwhjudwlrq pd| eh wkh hflhqw
lqgxvwuldo vwuxfwxuh1 Zkhq lw lv qrw/ upv pd| vwloo kdyh wkh lqfhqwlyh wr yhuwlfdo lqwhjudwh
ehfdxvh ri wkh lqfrpsohwh frqwudfwlqj hqylurqphqw1 Ryhudoo/ lq rxu vhwwlqj wkhuh lv d whqvlrq/
erwk lq whupv ri vrfldo zhoiduh dqg lqglylgxdo surwv/ ehwzhhq yhuwlfdo lqwhjudwlrq dqg yhuwlfdo
glvlqwhjudwlrq1
Rxu wkhru| ixuwkhu glvwlqjxlvkhv ehwzhhq up0vshflf dqg djjuhjdwh ghpdqg xqfhuwdlqw|1
Wklv glvwlqfwlrq khosv foduli| glvfxvvlrqv lq wkh olwhudwxuh rq wkh ehqhwv ri qhwzrunv1 Slruh dqg
Vdeho*v +4<;7, lqxhqwldo zrun rq qhwzrunv ri _h{leoh vshfldolvwv% dujxhv wkdw qhwzrunv hphujh lq
wlphv ri juhdwhu hfrqrplf xqfhuwdlqw|/ dqg lq fdvh vwxglhv ri qhwzrunv/ ghpdqg xfwxdwlrqv jxuh
surplqhqwo|1 Rxu uhvxowv lqglfdwh wkdw xqfhuwdlqw|/ shu vh/ grhv qrw grhv qrw ohdg wr qhwzrunv1
Lglrv|qfudwlf vkrfnv/ qrw djjuhjdwh vkrfnv/ duh wkh vrxufh ri qhwzrun ehqhwv1 Li/ krzhyhu/ upv
idfh juhdwhu lglrv|qfudwlf vkrfnv gxulqj uhfhvvlrqv/S wkhq lqgxvwuldo vwuxfwxuh frxog ehfrph pruh
_qhwzrun0olnh% gxulqj exvlqhvv vorzgrzqv1.
Wkh qh{w vhfwlrq glvfxvvhv lqgxvwu| h{dpsohv1 Vhfwlrq 6 suhvhqwv wkh edvlf prgho ri ghpdqg
xqfhuwdlqw|/ lqyhvwphqwv/ dqg yhuwlfdo lqwhjudwlrq/ qhwzrunv/ dqg pdunhwv1 Vhfwlrq 7 ghwhuplqh
zkhq hdfk vwuxfwxuh |lhogv wkh juhdwhvw vrfldo zhoiduh1 Vhfwlrq 8 h{dplqhv wkh vwudwhjlf lqfhqwlyhv
ri upv wr yhuwlfdoo| lqwhjudwh/ wr mrlq dq dqrq|prxv pdunhw/ ru lqyhvw lq d qhwzrun1 Vhfwlrq 9
frqvlghuv yhuwlfdo phujhu lq qhwzrunv1 Vhfwlrq :frqfoxghv1
2 , @4T*it
Rxu uvw qhwzrun h{dpsoh lv wkh Zrphq*v Ehwwhu Guhvv vhfwru ri wkh jduphqw lqgxvwu| lq Qhz
\run Flw| ^X}}l +4<<9/ 4<<:,`1 Pdqxidfwxuhuv +d1n1d1 mreehuv, ghvljq dqg pdunhw jduphqwv/ klulqj
_frqwudfwruv% wr ideulfdwh wkhp1 Wkh pdqxidfwxuhuv dqg frqwudfwruv duh olqnhg e| orqj0whup/ rq0
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jrlqj uhodwlrqvklsv1 Wkhvh olqnv hperg| _qh0judlqhg lqirupdwlrq% dftxluhg ryhu wlph derxw
d pdqxidfwxuhu*v sduwlfxodu _vw|oh1% D frqwudfwru qhhgv wklv lqirupdwlrq wr pdnh d jduphqw
fruuhfwo|1 Iru h{dpsoh/ wkhuh duh pdq| glhuhqw surshuwlhv ri ideulfv/ krz wkh| _idoo/% _uxq/%
_vwuhwfk/% _irujlyh vwlwfklqj/% wr zklfk surgxfwlrq surfhgxuhv pxvw eh vxewo| dgmxvwhg1 Wkh
qhfhvvdu| dgmxvwphqwv duh lpsrvvleoh wr vshfli| lq dgydqfh1H Vxssolhuv zlwk h{shulhqfh pdnlqj
vxfk dgmxvwphqwv fdq doorz wkh pdqxidfwxuhu wr wdnh dgydqwdjh ri udslgo| fkdqjlqj pdunhw
frqglwlrqv1
Wkh pdunhw iru Ehwwhu Guhvvhv lv kljko| idvklrq0vhqvlwlyh1 Ilupv idfh vljqlfdqw lglrv|qfudwlf
ghpdqg xqfhuwdlqw|1 Vrph ghvljqv vxffhhg/ rwkhuv idlo1 Zkhq d pdqxidfwxuhu*v ghvljq lv _krw/%
lw kdv d vxujh lq rughuv1 Wkh pdqxidfwxuhu pxvw wkhq eh deoh wr orfdwh dq h{shulhqfhg frqwudfwru
rq vkruw qrwlfh +wkdw lv/ olqnv pxvw eh hvwdeolvkhg h{ dqwh,1 Wr khos lqvxuh surgxfwlrq/ pdqxidf0
wxuhuv riwhq kdyh orqj0whup uhodwlrqvklsv zlwk pxowlsoh vhoohuv1 Frqyhuvho|/ wr surwhfw wkhpvhoyhv
djdlqvw wkh glfxowlhv ri dq| rqh pdqxidfwxuhu/ vhoohuv kdyh orqj0whup uhodwlrqvklsv zlwk pxowlsoh
pdqxidfwxuhuv1b Pdqxidfwxuhuv riwhq vsuhdg wkhlu zrun dprqj wkhlu frqwudfwruv wr fxvklrq wkhp
djdlqvw ghpdqg xqfhuwdlqw|1f X}}l +4<<9, qgv wkdw frqwudfwruv zlwk orqj whup rq0jrlqj uhod0
wlrqvklsv zlwk vhyhudo pdqxidfwxuhuv kdyh d orzhu idloxuh udwh wkdq wkrvh wkdw sulpdulo| hqjdjh
lq _dupv0ohqjwk% wudqvdfwlrqv zlwk pdq| pdqxidfwxuhuv1 Wkh ydoxh ri wkhlu rxwsxw lv kljkhu/ dqg
wkh| kdyh d pruh uholdeoh vwuhdp ri rughuv1
Rxu vhfrqg h{dpsoh lv wkh hohfwurqlfv lqgxvwu| lq Mdsdq1 Khuh/ Qlvkljxfkl +4<<7, ghvfulehv yhu0
wlfdo vxsso| qhwzrunv iru qlvkhg surgxfwv +dv rssrvhg wr frpsrqhqwv,/ zkhuh orqj0whup vshflf
lqyhvwphqwv/ l1h1/ olqnv/ duh lpsruwdqw1 Dvvhpeohuv qhhg _fxvwrphu0vshflf nqrzohgjh/% wudlqlqj/
wrrov/ dqg pdfklqhv wkdw kdyh olwwoh xvh lq dvvhpeo| iru rwkhu pdqxidfwxuhuv1 Uhodwlrqvklsv eh0
wzhhq pdqxidfwxuhuv dqg frqwudfwruv ghyhors ryhu pdq| |hduv/ zlwk frqwudfwruv rqo| judgxdoo|
wdnlqj wkh frpsoh{ dvvljqphqw ri qlvkhg surgxfw dvvhpeo|1 Wklv vorz txdolfdwlrq surfhvv
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lv vrphwlphv irupdol}hg dv d judglqj v|whp lq zklfk pdqxidfwxuhuv vfruh wkh vxefrqwudfwruv*
shuirupdqfh1 Vxefrqwudfwruv duh rqo| jlyhq kljk ohyho zrun diwhu wkh| kdyh shuiruphg zhoo lq
orzhu ohyho wdvnv +ss1 4660467,1
Dvvhpeohuv zrun iru vhyhudo pdqxidfwxuhuv wr surwhfw wkhpvhoyhv iurp ghpdqg xqfhuwdlqw|
dqg lqghhg pd| eh hqfrxudjhg wr gr wklv e| wkhlu folhqwv12 Dv lq wkh jduphqw lqgxvwu|/ upv
kdyh pxowlsoh olqnv1 Olqnv wr d ihz pdqxidfwxuhuv lq glhuhqw olqhv ri exvlqhvv khos wr surwhfw
d frqwudfwru djdlqvw gursv lq ghpdqg lq dq| rqh ri wkhp1
Pruh jhqhudoo|/ ghpdqg xqfhuwdlqw| fkdudfwhul}hv pdq| lqgxvwulhv zlwk qhwzrun vxsso| vwuxf0
wxuhv1 Zh fdq glylgh lqgxvwu| fdvh vwxglhv lqwr wzr eurdg fdwhjrulhv1 Wkh uvw lv idvklrq/ fxowxuh/
dqg fudiw lqgxvwulhv vxfk dv jduphqwv/ wh{wlohv/ vkrhv/ ohdwkhu jrrgv/ dqg wr|v1e Lq wkhvh lqgxv0
wulhv/ yrodwloh frqvxphu suhihuhqfhv xqghuolhv xqfhuwdlqw| lq d pdqxidfwxuhu*v ghpdqg iru lqsxwv1
Wkh vhfrqg fdwhjru| lv _kljk0whfk% lqgxvwulhv vxfk dv hohfwurqlfv/ hqjlqhhulqj/ frpsxwhuv/ dqg
vhplfrqgxfwruv/ fxvwrp pdfklqhu|/ dqg dxwrpreloh sduwv1D Lq wkhvh lqgxvwulhv/ xqfhuwdlqw| ryhu
upv* vxffhvv lq lqqrydwlrq S dqg ghpdqg iru qhz surgxfwv erwk wudqvodwh lqwr lglrv|qfudwlf
xqfhuwdlqw| lq lqsxw ghpdqgv1
Zh qrz wxuq wr d irupdo prgho wkdw h{soruhv wkh frqqhfwlrq ehwzhhq lqsxw ghpdqg xqfhu0
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wdlqw|/ lqyhvwphqw lq olqnv ehwzhhq upv/ dqg lqgxvwuldo vwuxfwxuh1
 Ai @tU L_i*G AiU?L*L}) @?_ W?_t|h@* 5|hU|hi
Wkhuh duh E  5 ex|huv hdfk ri zkrp ghpdqgv rqh +lqglylvleoh, xqlw ri d vshfldol}hg lqsxw/
wkdw lv/ dq lqsxw pdgh wr lwv vshflfdwlrqv1 Hdfk ex|hu l kdv d udqgrp ydoxdwlrq iru vxfk dq lqsxw
y @ y . %/ zkhuh y  3 lv dq djjuhjdwh vkrfn zlwk phdq y dqg % lv dq lglrv|qfudwlf vkrfn1 Zh
dvvxph % lv dq l1l1g1 udqgrp yduldeoh zlwk frqwlqxrxv glvwulexwlrq I zlwk phdq 3> dqg yduldqfh
2= ?G ghqrwhv wkh h{shfwdwlrq ri wkh q| rughu vwdwlvwlf ri E gudzv iurp wkh glvwulexwlrq1 Zh
zloo vrphwlphv zulwh ?G+2, wr ghqrwh wkh ghshqghqfh ri wkh rughu vwdwlvwlf rq wkh yduldqfh1
Zh dvvxph wkdw y  3 iru doo srvvleoh uhdol}dwlrqv ri y dqg %1 Zh gr qrw vshfli| ixuwkhu wkh
glvwulexwlrq ri wkh djjuhjdwh vkrfn dv rqo| wkh phdq zloo dhfw rxwfrphv lq wkh prgho1.
Vshfldol}hg lqsxwv fdq eh surgxfhg lq wzr zd|v1
Ex|hu Surgxfwlrq ri Vshfldol}hg Lqsxwv1 D ex|hu fdq surgxfh d vshfldol}hg lqsxw iru lwvhoi e|
pdnlqj dq lqyhvwphqw lq lwv rzq surgxfwlyh fdsdelolw|1 D xqlw ri surgxfwlyh fdsdflw| zklfk fdq
surgxfh rqh +lqglylvleoh, xqlw ri vshfldol}hg lqsxw h{foxvlyho| iru rqh ex|hu frvwv e1 Pdujlqdo
surgxfwlrq frvwv duh }hur1 Zh fdoo d ex|hu wkdw exlogv dq h{foxvlyh xqlw ri surgxfwlyh fdsdflw| d
yhuwlfdoo| lqwhjudwhg up1
Qhwzrun Surgxfwlrq ri Vshfldol}hg Lqsxwv1 V vshfldol}hg vhoohuv/ V  E/ fdq hdfk srwhqwldoo|
surgxfh surgxfh rqh +lqglylvleoh, xqlw ri lqsxw1 Iru d vhoohu wr eh deoh wr surgxfh d vshfldol}hg
lqsxw iru d ex|hu/ wkh ex|hu pxvw lqyhvw lq d _olqn% wr wkh vhoohu/ lqfxuulqj d frvw f1 Wkh vhoohu pxvw
dovr lqyhvw lq surgxfwlyh fdsdflw| zklfk doorzv lw wr surgxfh d vshfldol}hg lqsxw iru dq| olqnhg
ex|hu1 Wklv _h{leoh% fdsdflw| frvwv s / zkhuh s . f  e1 Wkh frpelqdwlrq ri surgxfwlyh
fdsdflw| dqg olqnv wr vshflf ex|huv pdnhv d vhoohu d _h{leoh vshfldolvw>% l1h1/ lw fdq surgxfh
vshfldol}hg lqsxwv iru d qxpehu ri glhuhqw ex|huv1 Vhoohuv wkdw lqyhvw lq surgxfwlyh fdsdflw| dqg
wkhlu olqnhg ex|huv duh fdoohg d qhwzrun ri upv1
Qrwlfh wkdw qhwzrunv lqyroyh erwk vshflf lqyhvwphqwv dqg txdvl0vshflf lqyhvwphqwv1 Wkh
olqn ehwzhhq d ex|hu dqg vhoohu lv d vshflf lqyhvwphqw vlqfh lw kdv qr ydoxh wr dq| rwkhu up1
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Zh fdoo d vhoohu*v surgxfwlyh dvvhw txdvl0vshflf vlqfh lw fdq kdyh ydoxh wr pruh wkdq rqh ex|hu
exw lwv ydoxh lv olplwhg1 Wkh dvvhw kdv qr ydoxh wr dq| ex|hu wr zkrp wkh vhoohu lv qrw olqnhg1
Iru prvw ri wkh dqdo|vlv/ zh dvvxph wkdw vhoohuv lq qhwzrunv rzq doo surgxfwlyh dvvhwv1 Dw
wkh hqg ri wkh sdshu zh h{soruh wkh srvvlelolw| wkdw vrph ex|huv rzq h{leoh xqlwv ri surgxfwlyh
fdsdflw| dqg fdq/ wkhuhiruh/ surgxfh vshfldol}hg lqsxwv iru wkhpvhoyhv dqg rwkhu ex|huv1 +Wklv
zrxog eh d glhuhqw w|sh ri yhuwlfdo lqwhjudwlrq wkdq wkdw ghqhg deryh1,
Pdunhw Surgxfwlrq ri Vwdqgdugl}hg Lqsxwv1H Ex|huv fdq dovr irujr sxufkdvh ri vshfldol}hg
lqsxwv1 Zh dvvxph wkdw wkhuh lv d frpshwlwlyh iulqjh ri vhoohuv +glhuhqw iurp wkh vhoohuv hqx0
phudwhg deryh, wkdw surgxfh vwdqgdugl}hg lqsxwv1 Zh qrupdol}h wkh ydoxh ex|huv kdyh iru wkhvh
lqsxwv wr }hur dqg qrupdol}h doo surgxfwlrq frvwv wr }hur1 Zh uhihu wr wklv rswlrq dv d pdunhw1
Zh hpskdvl}h khuh wkdw d pdunhw dfwxdoo| lqyroyhv glhuhqw whfkqrorj| dqg vdohv ri d glhuhqw
w|sh ri jrrg= vwdqgdugl}hg/ qrw vshfldol}hg/ lqsxwv1b
Lqgxvwuldo Vwuxfwxuh1 Wkh lqyhvwphqwv ri wkh E ex|huv dqg V vshfldol}hg vhoohuv irup dq
lqgxvwuldo vwuxfwxuh1 Ilupv duh glylghg lqwr pdunhwv/ qhwzrunv/ dqg yhuwlfdo lqwhjudwlrq1 Zh
uhsuhvhqw dq lqgxvwuldo vwuxfwxuh dv d judsk/ J12f Iljxuh 4 vkrzv dq lqgxvwuldo vwuxfwxuh iru 7
ex|huv dqg 4 vshfldol}hg vhoohu1 Ex|huv 4 dqg 5 duh lq d qhwzrun zlwk vhoohu 4 zklfk kdv lqyhvwhg
lq d h{leoh surgxfwlyh dvvhw/ dv lqglfdwhg e| wkh er{1 Ex|huv 6 dqg 7 kdyh lqyhvwhg lq h{foxvlyh
surgxfwlyh dvvhwv/ dovr dv lqglfdwhg e| er{hv/ dqg duh yhuwlfdoo| lqwhjudwhg upv1 Qr ex|huv
surfxuh vwdqgdugl}hg lqsxwv lq d pdunhw1
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ri jrrgv122 Wkh hfrqrplf vxusoxv dvvrfldwhg zlwk dq doorfdwlrq D lv wkh vxp ri wkh ydoxdwlrqv ri
wkh ex|huv wkdw vhfxuh vshfldol}hg lqsxwv lq D12 Zh ghqrwh wklv vxusoxv z+y>D,1 Iru d jlyhq y
dqg lqgxvwuldo vwuxfwxuh J/ dq doorfdwlrq D lv hflhqw li dqg rqo| li wkhuh grhv qrw h{lvw dqrwkhu
ihdvleoh doorfdwlrq wkdw |lhogv juhdwhu vxusoxv1 Wkh zrug _ihdvleoh% lv lpsruwdqw1 Hyhu| yhuwlfdoo|
lqwhjudwhg ex|hu fdq dozd|v rewdlq d jrrg1 Exw lq d qhwzrun/ wkh sdwwhuq ri olqnv zloo frqvwudlq
zklfk ex|huv fdq rewdlq jrrgv iurp zklfk vhoohuv1 Ohw DW+y>J, ghqrwh dq hflhqw doorfdwlrq12e
Zlwk DW+y>J, iru hdfk rughulqj ri ex|huv* ydoxdwlrqv/ zh fdq ghwhuplqh wkh pd{lpdo h{shfwhg h{
srvw jdlqv iurp wudgh iru d jlyhq lqgxvwuldo vwuxfwxuh= H ^z+y>D
W+y>J,,` > zkhuh wkh h{shfwdwlrq
lv wdnhq ryhu doo wkh srvvleoh uhdol}dwlrqv ri ex|huv* ydoxdwlrqv1
Wkh zhoiduh jhqhudwhg e| dq lqgxvwuldo vwuxfwxuh/ Z +J,> lv wkh pd{lpdo h{shfwhg h{ srvw
jdlqv iurp wudgh plqxv wrwdo lqyhvwphqw frvwv=










zkhuh  +J, @ 4 zkhq ex|hu l lv d yhuwlfdoo| lqwhjudwhg up dqg htxdov 3 rwkhuzlvh/ o+J, lv wkh
qxpehu ri ex|hu l*v olqnv/ dqg +J, @ 4 zkhq vhoohu m kdv lqyhvwhg lq surgxfwlyh fdsdflw| dqg
htxdov 3 rwkhuzlvh1 Dq lqgxvwuldo vwuxfwxuh J lv hflhqw li dqg rqo| li wkhuh grhv qrw h{lvw dqrwkhu
vwuxfwxuh J vxfk wkdw Z +J, A Z +J,1 Wkdw lv/ hflhqw lqgxvwuldo vwuxfwxuhv edodqfh h{ srvw
h{shfwhg jdlqv iurp wudgh dqg h{ dqwh lqyhvwphqw frvwv1 Lq rxu dqdo|vlv ri hflhqw vwuxfwxuhv
ehorz/ zh zloo dvvxph wkdw e @ s @ = Wklv dvvxpswlrq vlpsolhv wkh suhvhqwdwlrq/ dqg wkh
lpsolfdwlrqv ri d glyhujhqfh lq wkhvh frvwv +e ? s , duh hdv| wr vhh1
Zh qh{w fkdudfwhul}h wkh hflhqw lqgxvwuldo vwuxfwxuh1 Rxu sursrvlwlrqv dsso| wr dq lqgxvwu|
zlwk dq duelwudu| qxpehu ri ex|huv E1 Zh zloo looxvwudwh rxu jhqhudo uhvxowv zlwk d irxu0ex|hu0
lqgxvwu| h{dpsoh1 Zh ehjlq e| fdofxodwlqj wkh zhoiduh iru wkuhh edvlf w|shv ri vwuxfwxuhv= +4,
doo irxu ex|huv surfxuh vwdqgdugl}hg lqsxwv lq d frpshwlwlyh pdunhw/ +5, doo ex|huv duh yhuwlfdoo|
lqwhjudwhg/ dqg +6, doo ex|huv duh lq d qhwzrun zlwk wzr vshfldol}hg vhoohuv1
Ohw P ghqrwh wkh lqgxvwuldo vwuxfwxuh lq zklfk doo irxu ex|huv rewdlq vwdqgdugl}hg lqsxwv lq
d pdunhw1 Vlqfh zh kdyh qrupdol}hg wkh surgxfwlrq frvwv dqg ydoxh ri vwdqgdugl}hg lqsxwv wr
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Dgydqwdjhv ri Qhwzrunv= Fdsdflw| Vkdulqj dqg Ioh{leolw| D qhwzrun pd| jhqhudwh
juhdwhu zhoiduh wkdq yhuwlfdo lqwhjudwlrq ru pdunhwv ehfdxvh ex|huv idfh vkrfnv wr wkhlu ydoxdwlrqv
dqg jdlq e| vkdulqj vhoohuv* fdsdflw|1 D yhuwlfdoo| lqwhjudwhg ex|hu zkr vxhuv d odujh qhjdwlyh
vkrfn pd| _uhjuhw% kdylqj exlow wkh surgxfwlyh fdsdflw|1 Lq d qhwzrun/ krzhyhu/ wkhuh duh ihzhu
xqlwv ri surgxfwlyh fdsdflw| dqg ex|huv vxhulqj wkh odujhvw qhjdwlyh vkrfnv gr qrw surfxuh
lqsxwv1 Lqvwhdg/ lqsxwv duh doorfdwhg h{leo| wr wkh ex|huv zlwk kljkhu ydoxdwlrqv1




 9f  5+y  ,
Wkh ohiw kdqg vlgh fdswxuhv wkh uhodwlyh ehqhwv ri wkh qhwzrun1 Ehfdxvh wkh hflhqw doorfdwlrq




= Krzhyhu/ wkh pxowlsoh olqnv wkdw
fuhdwh wkh _h{lelolw|% lq wkh qhwzrun jhqhudwh dq lqyhvwphqw frvw ri 9f= Dv iru yhuwlfdo lqwhjudwlrq/
wkh wzr dgglwlrqdo xqlwv ri fdsdflw| hdfk jhqhudwh d vxusoxv ri y exw dgg wkh lqyhvwphqw frvw 1
Zh surylgh qh{w wzr suholplqdu| uhvxowv zklfk doorz xv wr hydoxdwh wkh h{shfwhg jdlqv iurp
wudgh lq dq| qhwzrun dqg wkhuhe| doorz xv wr frpsduh qhwzrunv/ lq jhqhudo/ wr yhuwlfdo lqwhjudwlrq
dqg pdunhwv1 Iluvw/ zh vkrz wkdw wkh pd{lpdo h{shfwhg jdlqv iurp wudgh lq d qhwzrun fdq dozd|v
eh zulwwhq dv d frqvwdqw soxv d vxp ri rughu vwdwlvwlfv1 Wkh vxppdwlrq ri rughu vwdwlvwlfv uhhfwv
wkdw ex|huv zlwk kljkhu ydoxdwlrqv rewdlq jrrgv lq qhwzrunv zkhqhyhu srvvleoh1
Ohppd 41 Wkh pd{lpdo h{shfwhg h{ srvw jdlqv iurp h{fkdqjh lq d qhwzrun zlwk hE ex|huv dqg
hV vhoohuv fdq eh h{suhvvhg dv wkh vxp hVy . hS
'





Surri1 Wkh Dsshqgl{ surylghv doo surriv qrw surylghg lq wkh wh{w1
Vhfrqg/ zh vkrz wkdw wkh h{shfwdwlrq ri dq rughu vwdwlvwlf kdv d sduwlfxoduo| vlpsoh uhodwlrqvkls/
krprjhqhrxv ri ghjuhh rqh/ wr wkh yduldqfh ri ex|huv* ydoxdwlrqv1
Ohppd 51 Iru E gudzv iurp glvwulexwlrq I zlwk phdq 3 dqg yduldqfh 2> wkh h{shfwdwlrq ri
wkh n| rughu vwdwlvwlf/ &G+2,> iru doo n  E/ lv krprjhqhrxv ri ghjuhh rqh lq 21
Zlwk wkhvh wzr uhvxowv zh fdq uhdglo| vhh wkdw h{shfwhg jdlqv iurp wudgh lq d qhwzrun duh
dozd|v lqfuhdvlqj lq wkh yduldqfh ri ex|huv* ydoxdwlrqv1 Dq lpsolfdwlrq lv wkdw qhwzrunv zloo
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Sursrvlwlrq 41 Lq dq| qhwzrun/ wkh h{shfwhg h{ srvw jdlqv iurp wudgh duh lqfuhdvlqj lq wkh
yduldqfh ri ex|huv* lglrv|qfudwlf vkrfnv1
Rxu qh{w sursrvlwlrq vkrzv zkhq qhwzrunv duh hflhqw lqgxvwuldo vwuxfwxuhv1 Lq dq| lqgxvwu|
ri E ex|huv/ li 2 A 3/ wkhuh duh vxflhqwo| olqn frvwv/ f> dqg lqwhuphgldwh ohyhov ri lqyhvwphqw
frvwv/ > vxfk wkdw d qhwzrun |lhogv juhdwhu zhoiduh wkdq hlwkhu pdunhwv ru yhuwlfdo lqwhjudwlrq
+hyhq zkhq yhuwlfdo lqwhjudwlrq |lhogv srvlwlyh zhoiduh,1 Pruhryhu/ wkhvh udqjhv ri frvwv zkhuh
qhwzrunv duh hflhqw h{sdqg dv 2 lqfuhdvhv1
Sursrvlwlrq 51 Lq dq| lqgxvwu| zkhuh ex|huv idfh up0vshflf ghpdqg vkrfnv/ l1h1/ 2 A 3/
wkhuh duh lqyhvwphqw frvwv  A y A  dqg f A 3 vxfk wkdw d qhwzrun lv wkh hflhqw lqgxvwuldo
vwuxfwxuh iru f  f dqg     1 Ixuwkhupruh/  dqg f duh lqfuhdvlqj lq 2> dqg  lv ghfuhdvlqj
lq 21
Wr looxvwudwh/ qrwlfh wkdw Z +Q, Z +Y, zkhq  lv deryh wkh fulwlfdo lqyhvwphqw frvw






Iru 2 A 3 dqg f vxflhqwo| vpdoo/ +2, ? y/ lpso|lqj wkdw hyhq zkhq yhuwlfdo lqwhjudwlrq
lv surwdeoh/ Q |lhogv juhdwhu zhoiduh1 Iru kljkhu / e| vkdulqj wkh fdsdflw| ri vxssolhuv lq
qhwzrunv/ ex|huv fdq gr ehwwhu wkdq e| irujrlqj vshflf lqsxwv dowrjhwkhu +xqohvv/ ri frxuvh/
lqyhvwphqw frvwv duh yhu| kljk,1 Z +Q, Z +P, zkhq  lv vpdoohu wkdq wkh fulwlfdo lqyhvwphqw
frvw






Lw lv fohdu wkdw +2, A +2,/ iru f vxflhqwo| vpdoo/ dqg wklv udqjh lv lqfuhdvlqj lq 21
Qhwzrun Ghqvlw|= Olqn Frvwv yv1 Ioh{lelolw| Wkh zhoiduh frpsdulvrq ri yhuwlfdo lqwhjud0
wlrq/ qhwzrunv dqg pdunhwv dovr ghshqgv rq qhwzrun ghqvlw|1 Qhwzrunv zlwk ihzhu olqnv pd|
|lhog juhdwhu zhoiduh zkhq f lv kljk1 Wkhuh lv ohvv h{lelolw| lq lqsxw doorfdwlrq exw wkhuh lv d
vdylqjv ri olqn frvwv1 Irupdoo|/ zh vd| d qhwzrun Q  lv ohvv ghqvh wkdq d qhwzrun Q zkhq Q  lv
d vxejudsk ri Q +l1h1/ uhprylqj olqnv iurp Q |lhogv Q ,=
Wr looxvwudwh/ frqvlghu Z +Q2, dqg Z +Q,1 Q2 lv ohvv ghqvh wkdq Q1 Lq Q2 doo wkh ex|huv duh





l1h1/ zkhq wkh vdylqjv lq olqn frvw h{fhhgv wkh orvvhv iurp doorfdwlqj dq lqsxw wr wkh ex|hu zlwk wkh
wklug udwkhu wkdq vhfrqg kljkhvw ydoxdwlrq lq vrph hyhqwv12H Khuh zh vhh gluhfwo| krz ghpdqg
xqfhuwdlqw| fuhdwhv dq hfrqrplhv ri vfdoh1 Dv lq wkh _uhsdlupdq sureohp% +Ihoohu +4<83,/ Urwk0
vfklog dqg Zhughq +4<:<,,/ rqh irxu0ex|hu0wzr0vhoohu qhwzrun |lhogv juhdwhu jdlqv iurp wudgh wkdq
wzr wzr0ex|hu0rqh0vhoohu qhwzrunv1 Wkh lqsxwv lq wkh frpelqhg qhwzrun pd| eh pruh hflhqwo|
doorfdwhg wr wkh irxu ex|huv12b Vlqfh 2Ge+2, dqg Ge+2, duh krprjhqhrxv ri ghjuhh rqh lq 2/
dv 2 lqfuhdvhv/ 2Ge  Ge lqfuhdvhv/ dqg wkh delolw| wr doorfdwh lqsxwv wr wkh ex|hu zlwk wkh
vhfrqg kljkhvw ydoxdwlrq ehfrphv pruh lpsruwdqw1f
Lq jhqhudo/ zh vkrz wkdw wkh glhuhqfh ehwzhhq wkh zhoiduh ri dq| qhwzrun dqg d ohvv ghqvh
qhwzrun lv lqfuhdvlqj lq wkh yduldqfh ri ex|huv* lglrv|qfudwlf vkrfnv1 Wkh uhvxow lpsolhv wkdw
qhwzrunv vkrxog whqg wr eh pruh ghqvho| olqnhg zkhq up0vshflf vkrfnv lq dq lqgxvwu| duh
kljk1
Sursrvlwlrq 61 Wkh glhuhqfh ehwzhhq wkh zhoiduh ri dq| qhwzrun dqg d ohvv ghqvh qhwzrun lv
lqfuhdvlqj lq wkh yduldqfh ri ex|huv* lglrv|qfudwlf vkrfnv1
Sursrvlwlrqv 4/ 5/ dqg 6 wrjhwkhu ghvfuleh d vwurqj frqqhfwlrq ehwzhhq lglrv|qfudwlf ghpdqg
vkrfnv dqg wkh hflhqf| ri qhwzrunv1 Wkh h{dpsoh frqfuhwho| vkrzv wklv frqqhfwlrq/ dqg Iljxuh
6 vxppdul}hv wkh zhoiduh frpsdulvrq ri wkh irxu lqgxvwuldo vwuxfwxuhv dv d ixqfwlrq ri wkh frvw
ri surgxfwlyh dvvhwv/ > dqg wkh frvw ri olqnv/ f/ iru d jlyhq yduldqfh 2 ri ex|huv* ydoxdwlrqv1
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qhwzrunv duh pruh riwhq wkh vrfldoo| suhihuuhg lqgxvwuldo vwuxfwxuh12
D 5|h@|i}U 6h4t @?_ W?_t|h@* 5|hU|hi
Lq wklv vhfwlrq zh frqvlghu zkhwkhu vwudwhjlf upv/ dfwlqj lq wkhlu rzq vhoi0lqwhuhvwv/ zloo irup
hflhqw lqgxvwuldo vwuxfwxuhv1 Zh dqdo|}h d wzr0vwdjh qrq0frrshudwlyh jdph1 Lq wkh uvw vwdjh/
upv lqyhvw lq surgxfwlyh fdsdflw| dqg olqnv1 Lq wkh vhfrqg vwdjh/ surgxfwlrq dqg h{fkdqjh wdnhv
sodfh1 Wklv vwdjh uhsuhvhqwv wkh srvvleo| pdq| shulrg uhwxuqv wr uvw0vwdjh lqyhvwphqwv1
Wklv irupxodwlrq lpsolflwo| dvvxphv wkdw upv fdqqrw xvh orqj0whup frqwlqjhqw frqwudfwv wr
dvvljq lqyhvwphqwv/ ixwxuh sulfhv/ ru doorfdwlrqv ri jrrgv1 Lw wkxv hperglhv wkh qrz vwdqgdug
Jurvvpdq dqg Kduw +4<;9, dqg Kduw dqg Prruh +4<<3, lqfrpsohwh frqwudfwv iudphzrun= djhqwv
pxvw pdnh lqyhvwphqwv ehiruh xqfhuwdlqw| lv uhvroyhg dqg frqwlqjhqw frqwudfwv duh qrw srvvleoh1
Udwkhu/ upv pdnh wkhlu uvw0vwdjh lqyhvwphqw nhhslqj lq plqg krz wkhlu ghflvlrqv zloo dhfw
wkhlu delolw| wr rewdlq lqsxwv dqg wkhlu frpshwlwlyh ru edujdlqlqj srvlwlrqv lq wkh vhfrqg0vwdjh1
Lq wklv vlwxdwlrq/ lqglylgxdo lqyhvwphqw lqfhqwlyhv duh qrw qhfhvvdulo| doljqhg zlwk hfrqrplf
zhoiduh1 Yhuwlfdoo| lqwhjudwhg ex|huv/ ri frxuvh/ qhhg qrw zruu| derxw edujdlqlqj dqg krog0xs1
Exw lq qhwzrunv/ wkh qdwxuh ri wkh vhfrqg0vwdjh frpshwlwlrq iru lqsxwv dqg wkh glylvlrq ri vxusoxv
iurp h{fkdqjh zloo lqxhqfh upv* lqyhvwphqw ghflvlrqv1 D ex|hu*v lqyhvwphqw lq d olqn wr d vhoohu
lv d vshflf lqyhvwphqw/ dqg wkh ex|hu pxvw frqfhuq lwvhoi zlwk wkh srvvleolw| ri krog0xs1 D vhoohu*v
lqyhvwphqw lq d surgxfwlyh dvvhw lv txdvl0vshflf/ dqg lw dovr pxvw eh frqfhuqhg zlwk rewdlqlqj
d uhwxuq vxflhqw wr mxvwli| lwv lqyhvwphqw1
Zh frqvlghu krz wzr irupxodwlrqv ri vhfrqg vwdjh uhyhqxhv lq qhwzrunv dhfw lqyhvwphqw
lqfhqwlyhv1 Wkh uvw lv upv* Vkdsoh| ydoxhv1 Wkh Vkdsoh| ydoxh fdswxuhv wkh qrwlrq ri htxdo
edujdlqlqj srzhu> d ex|hu dqg vhoohu vkduh htxdoo| wkh jdlqv iurp wkhlu uhodwlrqvkls1 Lw lv d
zhljkwhg dyhudjh ri d up*v frqwulexwlrq wr doo srvvleoh jurxsv +frdolwlrqv, ri upv dqg lv wkxv dovr
d vwdqgdug zd| wr dvvrfldwh _edujdlqlqj srzhu% zlwk dq djhqw*v srvlwlrq lq d qhwzrun +Dxpdqq
dqg P|huvrq +4<;;,,1
2L4T@h?} @** TLttM*i ?_t|h@* t|hU|hit uLh uLh M)iht @?_ 7 ' tc 2c  ti**ihtc i ?_ |i t@4i }i?ih@*
|h@_iLgt Mi|ii? ih|U@* ?|i}h@|L?c ?i|Lh!tc @?_ 4@h!i|t Ai TTi?_ ThL_it |i UL4T*i|i U@h@U|ih3@|L?
Lu |i iUi?| ?_t|h@* t|hU|hit uLh uLh M)iht uLh }i? h@?}it Lu T@h@4i|ih @*it L4T@hi_ |L 6}hi c
|i @hi@ ? U ?i|Lh!t @hi iUi?| t *@h}ih EMiU@ti 4Lhi ?i|Lh!t @hi UL?t_ihi_c @?_ |i @hi@ t 4Lhi
?i*) tM__i_ ?|L ?i|Lh!t | }hi@|ih Lh uiih ti**iht
49
Wkh vhfrqg irupxodwlrq ri uhyhqxhv ghulyhv iurp d frpprq uhsuhvhqwdwlrq ri frpshwlwlrq lq
sdluzlvh vhwwlqjv1 Dv lq wkh _dvvljqphqw jdphv% +h1j1 pduuldjh sureohpv, vwxglhg e| Vkdsoh|
dqg Vkxeln ^4<:<` dqg Urwk dqg Vrwrpd|hu ^4<;;`/ zh frqvlghu uhyhqxhv wkdw duh sdluzlvh vwdeoh=
qr olqnhg ex|hu dqg vhoohu fdq vwulnh d ghdo wkdw zrxog pdnh erwk ehwwhu r1 Zh frqvlghu/
lq sduwlfxodu/ wkh vwdeoh sd|rv wkdw jlyh ex|huv wkh kljkhvw srvvleoh ohyho ri vxusoxv1 Wkhvh
uhyhqxhv duh htxlydohqw wr wkrvh wkdw zrxog dulvh lq dq dvfhqglqj0elg dxfwlrq prgho ri frpshwlwlrq
^Ghpdqjh dqg Jdoh +4<;;,/ Nudqwrq dqg Plqhkduw +4<<;d/e,`1 Dv lq d frpshwlwlyh pdunhw zlwk
d _Zdoudvldq dxfwlrqhhu/% wklv irupxodwlrq ri uhyhqxhv hpskdvl}hv wkh lqwhudfwlrq ri vxsso| dqg
ghpdqg lq d qhwzrun1
Wkhvh irupxodwlrqv surylgh wkhruhwlfdo ehqfkpdunv ri krz frpshwlwlrq iru lqsxwv dqg edu0
jdlqlqj fdq dhfw upv* lqyhvwphqw ghflvlrqv1 Lq wkh frpshwlwlyh iudphzrun/ zlwk lwv hpskdvlv
rq vxsso| dqg ghpdqg/ d ex|hu hduqv wkh pdujlqdo ydoxh ri lwv sduwlflsdwlrq lq d qhwzrun1 Wkh
Vkdsoh| ydoxh/ lq frqwudvw/ jlyhv hdfk up d vkduh ri wkh lqiudpdujlqdo jdlqv iurp wudgh1 Zh zloo
vhh wkdw wkhvh yhu| glhuhqw glylvlrqv ri vxusoxv ohdg wr glhuhqw suhglfwlrqv dv wr zkhwkhu dq
hflhqw lqgxvwuldo vwuxfwxuh zloo hphujh1
8141 Wkh Jdph
Wkhuh duh E ex|huv/ V vshfldol}hg vhoohuv/ dqg d frpshwlwlyh iulqjh ri vwdqgdugl}hg vhoohuv zkr
vxsso| wkh vwdqgdugl}hg lqsxw dw d sulfh ri 31
Vwdjh Rqh= Ex|huv vlpxowdqhrxvo| fkrrvh wr exlog h{foxvlyh surgxfwlyh fdsdflw|/ wr irup olqnv
zlwk vshfldol}hg vhoohuv/ ru wr surfxuh vwdqgdugl}hg lqsxwv lq wkh pdunhw1 D ex|hu lqfxuv d frvw 
li lw yhuwlfdoo| lqwhjudwhv/ dqg lqfxuv d frvw f iru hdfk olqn wr dq lqghshqghqw vhoohu1 Dw wkh vdph
wlph hdfk ri wkh V vhoohuv fkrrvhv zkhwkhu ru qrw wr lqyhvw lq d surgxfwlyh dvvhw/ lqfxuulqj d frvw
 li lw grhv1 Wkhvh dfwlrqv |lhog dq lqgxvwuldo vwuxfwxuh J zklfk lv revhuydeoh wr doo sod|huv1
Vwdjh Wzr= Ex|huv* ydoxdwlrqv ri jrrgv duh uhdol}hg dqg lq wkh vlpsohvw fdvh revhuyhg e|
doo sod|huv1e Surgxfwlrq dqg h{fkdqjh wdnhv sodfh1 Ilupv hduq uhyhqxhv zklfk zh h{suhvv e|
d uhgxfhg irup uhyhqxh uxoh1 Iru d jlyhq uhdol}dwlrq ri ex|huv* ydoxdwlrqv/ ohw uK +y>J, eh ex|hu
l*v uhyhqxhv lq lqgxvwuldo vwuxfwxuh J/ dqg ohw ur +y>J, eh wkh uhyhqxh ri wkh lqghshqghqw vhoohu
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m1D Zh pdnh vhyhudo dvvxpswlrqv rq wkh uhyhqxh uxoh1 D yhuwlfdoo| lqwhjudwhg ex|hu hduqv
uK +y>J, @ y= D ex|hu zkr surfxuhv d pdunhw lqsxw hduqv uK +y>J, @ 3= Wkh uhvw ri wkh upv
duh lq qhwzrunv/ dqg zh dvvxph wkdw wkh vxusoxv d qhwzrun jhqhudwhv lv ixoo| glvwulexwhg wr lwv
frqvwlwxhqw upv1S Erwk uhyhqxh uxohv zh frqvlghu iru qhwzrunv vdwlvi| wklv surshuw|1
D up*v h{shfwhg surwv lq wkh jdph duh lwv vhfrqg0vwdjh h{shfwhg uhyhqxhv plqxv lwv uvw




  +J, f  o+J, eh wkh h{shfwhg surwv ri




   +J, eh vhoohu m*v surwv1
Wklv jdph lv hhfwlyho| d +rqh0vwdjh, vlpxowdqhrxv0pryh jdph1 Wkh judsk J vxppdul}hv wkh
upv* vwudwhjlhv/ dqg wkh surwv K+J, dqg r+J, jlyh upv* sd|rv iru hdfk suroh1 Zh vroyh
iru sxuh0vwudwhj| Qdvk htxloleuld1 Lq htxloleulxp/ hdfk up*v lqyhvwphqwv pd{lpl}h lwv surwv/
jlyhq wkh lqyhvwphqwv ri rwkhu upv1.
8151 Htxloleulxp Lqgxvwuldo Vwuxfwxuhv
Lw lv hdv| wr vxssruw htxloleuld lq zklfk hlwkhu doo ex|huv duh yhuwlfdoo| lqwhjudwhg +Y, ru doo
ex|huv duh lq wkh pdunhw +P,1 Pdunhwv dqg yhuwlfdo lqwhjudwlrq gr qrw uhtxluh dq| frruglqdwlrq>
d ex|huv* sd|rv iurp hlwkhu duh lqghshqghqw ri wkh dfwlrqv ri rwkhu upv1 Rqh ri wkhvh wzr
vwuxfwxuhv/ wkhuhiruh/ lv dozd|v dq htxloleulxp1
Sursrvlwlrq 71 Zkhq y   yhuwlfdo lqwhjudwlrq +Y, lv dq htxloleulxp rxwfrph dqg zkhq y  
d pdunhw +P, lv dq htxloleulxp rxwfrph1
Surri1 Jlyhq doo ex|huv duh yhuwlfdoo| lqwhjudwhg dqg qr vhoohu kdv lqyhvwhg lq d surgxfwlyh dvvhw=
+4, qr ex|hu kdv dq lqfhqwlyh wr ghyldwh wr d pdunhw li dqg rqo| li y  / +5, qr ex|hu kdv dq
lqfhqwlyh wr ghyldwh dqg hvwdeolvk d olqn wr d vhoohu1 Wkh vdph dujxphqw krogv iru d pdunhw iru
  y1
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Iru erwk yhuwlfdo lqwhjudwlrq dqg pdunhw surfxuhphqw/ d ex|hu*v h{shfwhg surwv duh dovr h{dfwo|
lwv frqwulexwlrq wr hfrqrplf zhoiduh +y   iru yhuwlfdo lqwhjudwlrq/ 3 iru d pdunhw,1 Wkhuhiruh/
yhuwlfdo lqwhjudwlrq lv wkh xqltxh htxloleulxp rxwfrph zkhq lw lv hflhqw1 Wkh vdph lv wuxh iru d
pdunhw1
Sursrvlwlrq 81 Zkhq wkh lqgxvwuldo vwuxfwxuh Y ru P lv hflhqw/ lw lv dovr wkh xqltxh htxlole0
ulxp rxwfrph +xs wr zhoiduh htxlydohqfh,1H
Surri1 Lq wkh lqgxvwuldo vwuxfwxuh Y> hdfk ex|hu hduqv y   dqg zhoiduh lv E  +y  ,= Zkhq
Y lv hflhqw/ dq| dowhuqdwlyh qrq0zhoiduh htxlydohqw lqgxvwuldo vwuxfwxuh L jhqhudwhv d vwulfwo|
vpdoohu zhoiduh1 Lw iroorzv wkdw dw ohdvw rqh ri wkh qrq0lqwhjudwhg ex|huv surwv duh vwulfwo| ohvv
wkdq y   lq L1 Wklv ex|hu zrxog gr ehwwhu wr yhuwlfdoo| lqwhjudwh ehfdxvh wkhq lw hduqv y  1
Wkhuhiruh L lv qrw dq htxloeulxp1 D vlplodu dujxphqw krogv iru pdunhwv1
Ilupv pd| qrw irup hflhqw qhwzrunv iru h{dfwo| wkh rssrvlwh uhdvrqv1 Iluvw/ lq qhwzrunv
upv* sd|rv ghshqg rq wkh lqyhvwphqwv ri wkh rwkhu upv/ vr frruglqdwlrq idloxuh lv srvvleoh1
Li wrr ihz ex|huv/ iru h{dpsoh/ lqyhvw lq olqnv wr vhoohuv/ wkhq d sduwlfxodu qhwzrun zloo qrw eh
dq htxloleulxp hyhq zkhq lw lv hflhqw1 Vhfrqg/ d ex|hu*v ru vhoohu*v lqglylgxdo sd|rv pd| qrw
pdwfk lwv frqwulexwlrq wr hfrqrplf zhoiduh1
Zh vhh wklv odwwhu sureohpv lq wkh htxloleulxp frqglwlrqv/ ru vwdelolw| frqglwlrqv/ iru d qhw0
zrun1 Zh h{dplqh zkhq wkh iroorzlqj frqglwlrqv duh phw xqghu wkh wzr irupxodwlrqv ri upv*
uhyhqxhv dqg krz wkhvh frqglwlrqv uhodwh wr wkh zhoiduh ehqhwv ri qhwzrunv1 Jlyhq rwkhu upv*
lqyhvwphqwv/ d qhwzrun lv dq htxloleulxp rxwfrph li dqg rqo| li +4, qr ex|hu fdq hduq juhdwhu
surwv iurp hlwkhu yhuwlfdo lqwhjudwlrq ru pdunhwv +5, qr vhoohu fdq hduq juhdwhu surwv e| qrw
lqyhvwlqj lq dq dvvhw/ dqg +6, qr ex|hu kdv dq lqfhqwlyh wr fkdqjh lwv olqnv zlwklq wkh qhwzrun1
Iru d qhwzrun lqgxvwuldo vwuxfwxuh J/ wkhvh frqglwlrqv duh/ lq wxuq/
K +J,  pd{iy  > 3j +4,
iru doo ex|huv l>
r+J,  3 +5,
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iru doo vhoohuv m> dqg
K+J,  K+J, +6,
iru hdfk ex|hu l dqg doo judskv J zkhuh J glhuv iurp J rqo| lq wkh olqnv ri ex|hu l1
Lq wkh uvw uhyhqxh uxoh zh frqvlghu/ upv hduq wkhlu Vkdsoh| ydoxhv1 Dv phqwlrqhg deryh/
wklv uxoh jlyhv ex|huv dqg vhoohuv htxdo edujdlqlqj srzhu1 Wzr djhqwv vkdulqj htxdoo| iurp wkhlu
uhodwlrqvkls uhhfwv qrwlrqv ri _idluqhvv% +P|huvrq +4<::,,1b Irupdoo|/ iru d judsk J/ ohw J  lm
uhsuhvhqw wkh judsk J h{fhsw iru dq| olqn ehwzhhq ex|hu l dqg vhoohu m1 Zh vd| d uhyhqxh uxoh
vdwlvhv wkh htxdo edujdlqlqj srzhu surshuw| li dqg rqo| li
uK +y>J, uK +y>J  lm, @ ur+y>J, ur +y>J  lm,
iru doo J/ ex|huv l/ vhoohuv m/ dqg doo uhdol}dwlrqv ri ex|huv* ydoxdwlrqv y1 Wkh Vkdsoh| ydoxh lv
wkh rqo| uhyhqxh uxoh vdwlvi|lqj wklv surshuw|1ef Ehfdxvh lw lv d zhljkwhg dyhudjh ri d up*v
frqwulexwlrq wr doo srvvleoh jurxsv +frdolwlrqv, ri upv/e lw lv dovr frqvlghuhg d uhdvrqdeoh zd|
wr ghqh _edujdlqlqj srzhu% lq d qhwzrun1
Zkloh wkh htxdo edujdlqlqj srzhu surshuw| pd| vhhp txlwh qdwxudo/ Vkdsoh| ydoxhv vljql0
fdqwo| glvwruw upv* lqyhvwphqw lqfhqwlyhv1 Lqwxlwlyho|/ d up*v Vkdsoh| ydoxh lv edvhg rq erwk
wkh lqiudpdujlqdo dqg pdujlqdo ydoxh wkdw lw fduulhv lq d qhwzrun1 Zh zloo vhh wkdw ehfdxvh ri
wkh uroh ri wkh lqiudpdujlqdo ydoxh/ doo wkuhh vwdelolw| frqglwlrqv glyhujh iurp hflhqf| fulwhulrq1
Zh looxvwudwh zlwk qhwzrun lqgxvwuldo vwuxfwxuh Q iurp Iljxuh 5 deryh1
Wkh uvw vwdelolw| frqglwlrq uhtxluhv wkh ex|hu wr fkrrvh wkh qhwzrun ryhu pdunhw surfxuhphqw
dqg yhuwlfdo lqwhjudwlrq1 Lq yhuwlfdo lqwhjudwlrq dqg pdunhw surfxuhphqw/ d ex|hu hduqv h{dfwo|
lwv pdujlqdo frqwulexwlrq wr hfrqrplf zhoiduh1 Wkh vdph pxvw wkhuhiruh dovr krog lq d qhwzrun
lq rughu wkdw wkh ex|hu*v ryhudoo lqfhqwlyhv eh h{dfwo| doljqhg zlwk hfrqrplf zhoiduh1 Zkhq wkh
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uhyhqxh uxoh lv jlyhq e| wkh Vkdsoh| ydoxh/ krzhyhu/ wklv lv qrw wkh fdvh1 Lq Q/ wkh Vkdsoh| ydoxh















Lq frqwudvw/ wkh pdujlqdo frqwulexwlrq ri ex|hu 4 wr vxusoxv iurp h{fkdqjh lv 2

Ge  Ge =e2
Lq jhqhudo/ wkh Vkdsoh| ydoxh pd| eh juhdwhu ru ohvv wkdq d ex|hu*v pdujlqdo frqwulexwlrq
wr d qhwzrun1 Wkh Vkdsoh| ydoxh lv edvhg rq lqiudpdujlqdo frqwulexwlrqv zklfk ehdu qr vlpsoh
uhodwlrqvkls wr wkh pdujlqdo frqwulexwlrq1e Lq wklv deryh h{dpsoh/ ex|hu 4*v Vkdsoh| ydoxh lv ohvv
wkdq wkh pdujlqdo frqwulexwlrq1ee Wklv uhhfwv wkh idfw wkdw ex|hu 4 kdv rqo| rqh olqn1 Olqnv wr
vhoohuv duh lpsruwdqw iru edujdlqlqj srzhu xqghu wkh Vkdsoh| ydoxh/ dqg upv zlwk uhodwlyho| ihz
olqnv whqg wr eh xqghufrpshqvdwhg uhodwlyh wr zkdw wkh| dgg wr vrfldo zhoiduh1 Ehfdxvh ex|hu 4
hduqv ohvv wkdq lwv pdujlqdo frqwulexwlrq wr Q> lw zloo vrphwlphv suhihu yhuwlfdo lqwhjudwlrq ru
pdunhw surfxuhphqw hyhq zkhq Q lv vrfldoo| suhihuuhg1
Wkh vhfrqg vwdelolw| frqglwlrq uhtxluhv wkdw vhoohuv lq wkh qhwzrun lqyhvw lq surgxfwlyh dvvhwv1
Lq wkh qhwzrun Q> wkh vhoohu*v pdujlqdo frqwulexwlrq wr vxusoxv lv y . eGe . e2Ge=eD Wdnlqj
rwkhu upv* lqyhvwphqwv dv jlyhq/ wkh vhoohu vkrxog lqyhvw li wklv pdujlqdo frqwulexwlrq h{fhhgv =
















Djdlq/ wkhuh lv qr jhqhudo uhodwlrqvkls ehwzhhq wkh Vkdsoh| ydoxh dqg d vhoohu*v pdujlqdo frqwulex0
wlrq1 Lq wklv h{dpsoh/ wkh Vkdsoh| ydoxh lv vwulfwo| ohvv wkdq wkh vhoohu*v pdujlqdo frqwulexwlrq1eS
Vr wkh vhoohu kdv lqvxflhqw lqfhqwlyh wr lqyhvw lq wkh surgxfwlyh dvvhw1
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Wkh wklug vwdelolw| frqglwlrq uhtxluhv wkdw ex|huv pdlqwdlq wkhlu olqnv lqvlgh d qhwzrun1 Djdlq
zh qg wkdw d ex|hu*v uhwxuq wr d olqn grhv qrw pdwfk wkh zhoiduh ydoxh ri wkh olqn1 Rqh sureohp
lv wkdw d olqn fdq lqfuhdvh wkh edujdlqlqj srzhu ri d ex|hu/ hyhq li lw grhv qrw dgg zhoiduh wr
wkh qhwzrun1 Lq wkh qhwzrun Q> iru h{dpsoh/ ex|hu 4 kdv d kljkhu Vkdsoh| ydoxh li lw dggv d
olqn wr vhoohu 51e. Rq wkh ls vlgh/ d ex|hu pxvw vkduh wkh ydoxh ri d olqn zlwk wkh vhoohu +htxdo
edujdlqlqj srzhu surshuw|,1 Wklv vrphwlphv phdqv wkdw d ex|hu zrxog xqghuolqn1
Lq jhqhudo/ zlwk wkh Vkdsoh| uhyhqxh uxoh wkh uhjlrq zkhuh d qhwzrun lv erwk vwdeoh dqg
hflhqw lv uhvwulfwhg e| doo wkuhh vwdelolw| frqglwlrqv1
Zh qrz frqvlghu vwdelolw| dqg hflhqf| iru rxu vhfrqg irupxodwlrq ri uhyhqxhv/ zklfk zh
fdoo wkh frpshwlwlyh uhyhqxh uxoh1 Dv phqwlrqhg deryh/ wklv uxoh lv ri lqwhuhvw ehfdxvh uhyhqxhv
duh sdluzlvh vwdeoh dqg d irfdo rxwfrph ri dq dvvljqphqw jdph iru wkh qhwzrun vhwwlqj1 Dovr/
frpshwlwlrq ehwzhhq ex|huv dqg vhoohuv lq d qhwzrun fdq eh uhsuhvhqwhg dv dq dvfhqglqj0elg/
ru Hqjolvk/ dxfwlrq1 Dvfhqglqj0elg dqg Ylfnuh| dxfwlrqv duh nqrzq wr kdyh pdq| hflhqf|
surshuwlhv/ sduwlfxoduo| zkhq ex|huv* ydoxdwlrqv duh sulydwh lqirupdwlrq1eH Erwk wkh dxfwlrq dqg
dvvljqphqw jdphv fdswxuh d frpshwlwlyh hqylurqphqw zkhuh wkh lqwhudfwlrq ehwzhhq vxsso| dqg
ghpdqg ghwhuplqhv qdo uhyhqxhv1eb
Wkh vxsso| dqg ghpdqg fkdudfwhu ri wkhvh uhyhqxhv fdq eh vhhq prvw hdvlo| lq wkh dxfwlrq
irupxodwlrq1 Lq d qhwzrun/ vxssrvh vhoohuv vlpxowdqhrxvo| krog dvfhqglqj0elg dxfwlrqv> wkdw lv/
wkh sulfh ulvhv dw wkh vdph wlph lq hdfk dxfwlrq1 Ex|huv fdq elg rqo| lq wkh dxfwlrqv ri wkhlu
olqnhg vhoohuv1 Wkh sulfh ulvhv xqwlo ghpdqg qr orqjhu h{fhhgv vxsso| iru vrph vxevhw ri vhoohuv1
Wkhvh vhoohuv wkhq vhoo wkhlu jrrgv dw wkdw sulfh/ dqg wkh sulfh frqwlqxhv wr ulvh xqwlo doo vhoohuv kdyh
vrog wkhlu rxwsxw1 Lq wklv dxfwlrq lw lv dq htxloleulxp iroorzlqj holplqdwlrq ri zhdno| grplqdwhg
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vwudwhjlhv iru hdfk ex|hu wr uhpdlq lq wkh elgglqj ri lwv olqnhg vhoohuv* dxfwlrqv xqwlo wkh sulfh
uhdfkhv lwv ydoxdwlrq ri dq lqsxw1Df
Wr vhh wklv rxwfrph/ frqvlghu wkh qhwzrun Q dqg vxssrvh ex|huv* lglrv|qfudwlf vkrfnv duh
uhdol}hg lq wkh iroorzlqj rughu= % A %2 A % A %e= Wkh sulfh ulvhv xqwlo s @ y . %e> zkhq ex|hu 7
gursv rxw ri wkh elgglqj1 Ex|huv 4/ 5/ dqg 6 uhpdlq lq wkh elgglqj iru wkh wzr vhoohuv* jrrgv dqg
vr ghpdqg iru wkhvh jrrgv h{fhhgv wkhlu vxsso|1 Dw s @ y. %> ex|hu 6 gursv rxw ri wkh elgglqj1
Wkh wzr vhoohuv duh qrz froohfwlyho| olqnhg wr rqo| wzr ex|huv/ dqg wkhuh lv dq doorfdwlrq lq zklfk
hdfk ex|hu surfxuhv d jrrg1 Vr erwk dxfwlrqv fohdu dw wkh frpprq sulfh s @ y. %1 Wkh sulfh s
lv wkh orzhvw sulfh vxfk wkdw vxsso| iru d vxevhw ri vhoohuv* jrrgv htxdov wkh ghpdqg1
Zh ghulyh wkh frpshwlwlyh uhyhqxh uxoh iurp iurp wkh sulfhv dqg doorfdwlrqv wkdw hphujh iurp
wkh dxfwlrq ru htxlydohqwo| iurp wkh dvvljqphqw jdph1 Iru hyhu| judsk dqg hyhu| uhdol}dwlrq
ri ex|huv* ydoxdwlrqv/ wkhuh lv dq hflhqw doorfdwlrq ri jrrgv/ dqg sulfhv ghwhuplqh wkh vsolw ri
vxusoxv ehwzhhq ex|huv dqg vhoohuv1
Zlwk wkhvh frpshwlwlyh uhyhqxhv/ d ex|hu*v h{shfwhg sd|r h{dfwo| htxdov lwv pdujlqdo frq0
wulexwlrq wr wkh qhwzrun ^Nudqwrq dqg Plqhkduw +4<<;d,`1 Ex|huv gr qrw hduq dq| ri wkh lqiud0
pdujlqdo vxusoxv1 Udwkhu/ d ex|hu zkr rewdlqv dq lqsxw hduqv wkh glhuhqfh ehwzhhq lwv ydoxdwlrq
dqg wkh ydoxdwlrq ri wkh _qh{w0ehvw% ex|hu1 Lq rwkhu zrugv/ wkh ex|hu hduqv wkh rssruwxqlw| frvw
ri rewdlqlqj iru wkh jrrg1 Lq wkh h{dpsoh deryh/ ex|hu 4 sdlg d sulfh y. % zklfk lv wkh vxusoxv
wkdw zrxog kdyh dffuxhg kdg lw qrw sxufkdvhg dq lqsxw1D
Dq lpphgldwh lpsolfdwlrq lv wkdw wkh qhwzrun vwdelolw| frqglwlrqv iru ex|huv duh doljqhg zlwk
hfrqrplf zhoiduh1 Wkdw lv/ ex|huv pdnh wkh hflhqw fkrlfh ehwzhhq yhuwlfdo lqwhjudwlrq/ qhwzrunv/
dqg pdunhwv/ dqg li d ex|hu sduwlflsdwhv lq d qhwzrun/ lw fkrrvhv lwv olqnv hflhqwo| jlyhq wkh
lqyhvwphqwv ri wkh rwkhu upv1 Zh kdyh=
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Sursrvlwlrq 91 Zkhq upv* uhyhqxhv duh jlyhq e| wkh frpshwlwlyh uhyhqxh uxoh/ ex|huv pdnh
uvw0vwdjh fkrlfhv rswlpdoo| jlyhq wkh fkrlfhv ri wkh rwkhu upv1
Xqiruwxqdwho|/ vhoohuv* lqyhvwphqw lqfhqwlyhv duh qrw shuihfwo| doljqhg zlwk hfrqrplf zhoiduh1
Wkh| hduq ohvv wkdq wkhlu pdujlqdo frqwulexwlrq wr wkh qhwzrun1 D vhoohu*v pdujlqdo frqwulexwlrq
htxdov wkh ydoxdwlrq ri wkh dgglwlrqdo ex|hu zkr rewdlqv d jrrg1 D vhoohu*v uhyhqxhv/ krzhyhu/
duh wkh ydoxdwlrq ri wkh _qh{w0ehvw% ex|hu ri wkh jrrg1 Iru h{dpsoh/ lq qhwzrun Q hdfk vhoohu
hduqv h{shfwhg uhyhqxhv ri y.Ge1 Wklv lv ohvv wkdq wkh vhoohu*v pdujlqdo frqwulexwlrq zklfk zh
kdyh vkrzq wr eh y . e
Ge . e
2Ge1
Xqghu wkh frpshwlwlyh uhyhqxh uxoh/ wkh uhjlrq zkhuh d qhwzrun lv erwk vwdeoh dqg hflhqw lv
wkhuhiruh uhvwulfwhg rqo| e| wkh vhoohu*v vwdelolw| frqglwlrq1 Vhoohuv gr qrw dozd|v kdyh vxflhqw
edujdlqlqj srzhu ylv ex|huv wr fryhu wkhlu lqyhvwphqw lq wkh surgxfwlyh dvvhw1 Wklv phdqv wkdw
vhoohuv whqg wr xqghulqyhvw1
Wklv rxwfrph lv d irup ri whdp0djhqf| sureohp dqg d frqvhtxhqfh ri wkh lqfrpsohwh frq0
wudfwlqj iudphzrun1 Dq| edodqfhg uhyhqxh uxoh zklfk jlyhv ex|huv wkh fruuhfw lqfhqwlyhv wr lqyhvw
lq d vhoohu0vshflf dvvhwv zloo qrw surylgh dghtxdwh lqfhqwlyhv iru wkh vhoohuv1 Rq wkh rwkhu kdqg/
jlylqj vhoohuv juhdwhu vxusoxv/ dv lq wkh sdluzlvh vwdeoh sd|rv wkdw duh rswlpdo iru wkh vhoohuv/ zloo
lpsuryh vhoohuv* lqfhqwlyhv wr lqyhvw lq txdvl0ex|hu0vshflf dvvhwv exw glvwruw ex|huv* lqfhqwlyhv1
Ri frxuvh/ li upv frxog zulwh frpsohwh frqwlqjhqw frqwudfwv vxfk d frqlfw zrxog qrw dulvh1D2
Zlwk frpshwlwlyh uhyhqxhv wkhuh lv d sduwlfxoduo| vlpsoh uhodwlrqvkls ehwzhhq ghpdqg xqfhu0
wdlqw|/ vwdelolw| dqg hflhqf|1 Iru d qhwzrun Q / ohw H eh wkh udqjhv ri frvwv +> f, iru zklfk Q lv
hflhqw/dqg ohw H7 eh wkh udqjhv ri lqyhvwphqw frvwv +> f, iru zklfk Q lv hflhqw dqg vwdeoh1 Ohw
H dqg H7 ghqrwh wkh duhdv fruuhvsrqglqj wr wkhvh udqjhv1 Dv wkh yduldqfh lq wkh lglrv|qfudwlf
vkrfnv wr ghpdqg lqfuhdvh/ qhwzrunv ehfrph pruh hflhqw uhodwlyh wr yhuwlfdo lqwhjudwlrq dqg
pdunhwv1 Lqwxlwlyho|/ wkhq erwk H dqg H7 vkrxog eh lqfuhdvlqj lq 
21 Zh qg wkdw wkhvh duhdv
gr lqfuhdvh lq 2/ dqg lq idfw lqfuhdvh sursruwlrqdwho|=
Sursrvlwlrq :1 H7+
2, dqg H+2, duh lqfuhdvlqj lq 2> dqg wkh udwlr H7+
2,@H+2, lv frqvwdqw
zlwk uhvshfw wr 21
Surri1 Zh suryh lq wkh Dsshqgl{ wkdw erwk duhdv H dqg H7 duh krprjhqhrxv ixqfwlrqv ri
ghjuhh 5 lq wkh yduldqfh1 Wkhuhiruh/ wkh udwlr grhv qrw ghshqg rq 21
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8161 Vhfrqg0Ehvw Htxloleulxp Qhwzrunv
Ghvslwh wkh sureohpv lq dfklhylqj dq hflhqw qhwzrun lq htxloleulxp/ qhwzrun htxloleuld h{lvw dqg
wkhvh qhwzrunv duh dozd|v zhoiduh hqkdqflqj1 Ehfdxvh ri olplwdwlrqv rq orqj0whup frqwudfwlqj/ wkh
deryh uhvxowv vkrz wkdw zkhq wkh hflhqw lqgxvwuldo vwuxfwxuh lqyroyhv d qhwzrun/ wkh vwuxfwxuh
qhhg qrw eh dq htxloleulxp rxwfrph1 Wkh qh{w sursrvlwlrqv vkrz/ krzhyhu/ wkdw wkhuh dozd|v
h{lvw qhwzrun htxloleuld lq lqgxvwulhv zkhuh ex|huv idfh lglrv|qfudwlf vkrfnv1 Ixuwkhupruh/ wkhvh
qhwzrun htxloleuld dozd|v |lhog juhdwhu zhoiduh wkdq yhuwlfdo lqwhjudwlrq dqg pdunhwv1 Wkdw lv/ dq
htxloleulxp qhwzrun vwuxfwxuh/ zkloh qrw uvw0ehvw/ lv vhfrqg0ehvw1
Zlwk wkh frpshwlwlyh uhyhqxh uxoh/ qhwzrun htxloleuld h{lvwv iru dq| E  6 dqg 2 A 31 Wkh
uhvxow pluuruv Sursrvlwlrq 5 looxvwudwhg lq Iljxuh 61 Qhwzrunv duh htxloleuld iru vpdoo olqn frvwv
dqg fdsdflw| lqyhvwphqw frvwv lq dq lqwhuphgldwh udqjh1 Pruhryhu/ wkh juhdwhu 2/ wkh juhdwhu
wkh udqjh ri  dqg f zkhuh qhwzrunv duh htxloleuld1 Dv 2 lqfuhdvhv/ wkh duhd zkhuh qhwzrun
htxloleuld h{lvwv xqdpeljxrxvo| lqfuhdvhv1
Sursrvlwlrq ;1 Zlwk wkh frpshwlwlyh uhyhqxh uxoh/ iru dq| 2 A 3 dqg E  6/ wkhuh h{lvw fulwlfdo
frvwv= fW A 3> W ? y/ dqg W A y vxfk wkdw d qhwzrun htxloleulxp h{lvwv iru doo if> j vdwlvi|lqj
f  fW dqg W    W1 Ixuwkhupruh/ wkh htxloleulxp vhw ri if> j sdluv lv h{sdqglqj lq 2> fW
dqg W duh lqfuhdvlqj lq 2/ zkloh W lv frqvwdqw1
Wklv uhvxow lv urexvw wr rxu rwkhu irupxodwlrq ri uhyhqxhv1 Zlwk wkh Vkdsoh| uhyhqxh uxoh/
qhwzrun htxloleuld h{lvw iru 2 dqg E vxflhqwo| kljk dqg olqn frvwv f vxflhqwo| orz1 D vxi0
flhqwo| kljk yduldqfh dqg qxpehu ri ex|huv hqvxuhv wkdw wkhuh lv hqrxjk vxusoxv iurp lq wkh
qhwzrun vr wkdw doo htxloleulxp frqglwlrqv duh vlpxowdqhrxvo| vdwlvhg1
Sursrvlwlrq <1 Zlwk wkh Vkdsoh| uhyhqxh uxoh/ wkhuh h{lvwv qhwzrun htxloleuld iru d vxflhqwo|
kljk E dqg 2= Lq wklv fdvh/ wkhuh h{lvw fulwlfdo frvwv= fW A 3> W ? y/ dqg W A y vxfk wkdw d
qhwzrun htxloleulxp h{lvwv iru doo if> j vdwlvi|lqj f  fW dqg W    W1
Qrw rqo| gr qhwzrun htxloleuld h{lvw/ exw wkhvh htxloleulxp vwuxfwxuhv dozd|v |lhog juhdwhu
zhoiduh wkdq yhuwlfdo lqwhjudwlrq ru pdunhwv1 Sursrvlwlrq 8 whoov xv wkdw zkhq yhuwlfdo lqwhjudwlrq
+ru d pdunhw, lv wkh hflhqw lqgxvwuldo vwuxfwxuh/ lw lv wkh xqltxh htxloleulxp rxwfrph1 Wkh surri
dovr lpsolhv wkdw zkhq d qhwzrun lqgxvwuldo vwuxfwxuh lv dq htxloleulxp rxwfrph/ lw pxvw |lhog
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kljkhu zhoiduh wkdq yhuwlfdo lqwhjudwlrq ru pdunhwv1 Rwkhuzlvh/ d ex|hu zrxog ghyldwh dqg exlog
lwv rzq h{foxvlyh surgxfwlyh fdsdflw|1 Wkxv/ ghvslwh wkh lqhflhqflhv wkdw dulvh iurp lqfrpsohwh
frqwudfwlqj/ upv pd| irup zhoiduh0hqkdqflqj/ glvlqwhjudwhg lqgxvwuldo vwuxfwxuhv1
Qhwzrun htxloleuld frxqwhu wkh vwdqgdug lqwxlwlrq wkdw ex|huv kdyh vwurqjhu lqfhqwlyhv wr
pdnh vshflf lqyhvwphqwv zkhq wkh| duh yhuwlfdoo| lqwhjudwhg zlwk vhoohuv +Jurvvpdq dqg Kduw
+4<;9,/ Kduw dqg Prruh +4<<3,/ Mrvnrz +4<;8,/ Prqwhyhugh dqg Whhfh +4<;5, ,1 Lq qhwzrunv/
h{ srvw edujdlqlqj pd| edodqfh sd|rv lq vxfk d zd| wkdw upv gr zlvk wr xqghuwdnh wkhvh
lqyhvwphqwv1 Xqghu wkh frpshwlwlyh uhyhqxh uxoh/ iru lqvwdqfh/ zh irxqg wkdw ex|huv dozd|v exlog
olqnv hflhqwo|1 Pruhryhu/ lq qhwzrunv ex|huv pdnh pdq| vshflf lqyhvwphqwv/ srvvleo| hyhq
pruh wkdq xqghu yhuwlfdo lqwhjudwlrq1 Lq exloglqj olqnv wr pxowlsoh vhoohuv/ d ex|hu lq d vhqvh
_gxsolfdwhv% lwv vshflf lqyhvwphqwv1 Wklv pxowlsolflw| doorzv ex|huv wr srro wkh xqfhuwdlqw| lq
wkhlu ydoxdwlrqv1 Lw dovr doorzv d vdylqjv rq ryhudoo lqyhvwphqw frvwv> ex|huv vkduh wkh surgxfwlyh
fdsdflw| ri ihzhu vhoohuv1
S Vih|U@* ih}ih ? i|Lh!t
Ehfdxvh qhwzrun htxloleuld pd| eh vhfrqg0ehvw/ wkh txhvwlrq dulvhv ri zkhwkhu dowhuqdwlyh rzq0
huvkls vwuxfwxuhv pljkw lpsuryh rq qhwzrun zhoiduh1 Lq wklv vhfwlrq zh frqvlghu dq rzqhuvkls
vwuxfwxuh zkhuh d ex|hu lq d qhwzrun pd| eh phujhg zlwk d h{leoh vhoohu1 Zh dvn zkhwkhu vxfk
d pl{hg rzqhuvkls vwuxfwxuh lpsuryhv rq lqyhvwphqw lqfhqwlyhv1D
Zh exlog rq rxu edvlf prgho dv iroorzv1 Frqvlghu d qhwzrun zlwk V xsvwuhdp xqlwv dqg E
grzqvwuhdp xqlwv1 Wkh ydoxh ri dq lqsxw surgxfhg e| d grzqvwuhdp xqlw l olqnhg wr dq xsvwuhdp
xqlw wkdw kdv lqyhvwhg lq h{leoh surgxfwlyh fdsdflw| lv y= Lq wkh uvw vwdjh ri wkh jdph/ rzqhuv
ri wkh xqlwv ghflgh zkhwkhu ru qrw wr lqyhvw lq olqnv dqg2ru h{leoh surgxfwlyh fdsdflw|1 Lq
wkh vhfrqg vwdjh/ ydoxdwlrqv duh uhdol}hg dqg surgxfwlrq dqg h{fkdqjh wdnh sodfh1 Zh dvvxph
wkdw vhfrqg0vwdjh uhyhqxhv dffuxh wr hdfk xqlw dffruglqj wr wkh frpshwlwlyh uhyhqxh uxoh1 Wkhvh
uhyhqxhv wkhq dffuxh wr wkh xqlwv* rzqhuv1 Zlwk wklv uxoh/ dvvhw xvh lv hflhqw1De E| {lqj wkh
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uhyhqxh uxoh/ zh duh deoh wr lghqwli| wkh fkdqjhv lq lqyhvwphqw lqfhqwlyhv wkdw frph iurp d fkdqjh
lq rzqhuvkls vwuxfwxuh1DD
Frqvlghu wkh qhwzrun Q zlwk irxu ex|huv dqg wzr vhoohuv vkrzq lq Iljxuh 51 Zh frpsduh wkh
htxloleulxp frqglwlrqv wr wkh hflhqf| frqglwlrqv iru wklv lqgxvwuldo vwuxfwxuh xqghu wzr glhuhqw
rzqhuvkls vwuxfwxuhv1 Wkh uvw lv wkh rzqhuvkls vwuxfwxuh suhylrxvo| dqdo|}hg1 Wkh vhfrqg lv wkh
vdph h{fhsw ex|hu 5 rzqv vhoohu 41
Iluvw/ frqvlghu wkh ghfhqwudol}hg vwuxfwxuh1 E| Sursrvlwlrq :/ wkh ex|huv pdnh olqn lqyhvwphqwv
rswlpdoo| jlyhq wkh fkrlfhv ri rwkhu upv1 Krzhyhu vhoohuv hduq h{shfwhg uhyhqxhv wkdw duh ohvv
wkdq wkh vhoohu*v pdujlqdo frqwulexwlrq1DS Ehfdxvh ri wklv vkruwidoo/ qhwzrun Q pd| idlo wr eh dq
htxloleulxp zkhq lw lv hflhqw1
Frqvlghu qh{w wkh rzqhuvkls vwuxfwxuh lq zklfk ex|hu 5 rzqv vhoohu 41 Zh zloo uhihu wr wklv
phujhg hqwlw| dv P= Zh dvn zkhwkhu P kdv d juhdwhu lqfhqwlyh wkdq vhoohu 4 wr lqyhvw lq wkh
h{leoh dvvhw/ wdnlqj wkh rwkhu lqyhvwphqwv dv jlyhq1D. Zh qg wkdw P*v lqfhqwlyh wr lqyhvw lq 
lv lqghhg kljkhu/ ehfdxvh erwk wkh xsvwuhdp dqg grzqvwuhdp xqlw hduq uhwxuqv iurp xvh ri wkh
surgxfwlyh fdsdflw|1DH Wkxv/ phujhu plwljdwhv wkh whdp djhqf| sureohp iru wkh vhoohu1 Zh qh{w
frqvlghu P*v lqfhqwlyh wr lqyhvw lq wkh _lqwhuqdo% olqn ehwzhhq ex|hu 5 dqg vhoohu 41 Dv lq Erowrq
dqg Zklqvwrq +4<<6/ Sursrvlwlrq 714/ sduw +6,/ s1 467,/ wkh lqfhqwlyh wr lqyhvw lq wklv olqn lv
lqhflhqwo| vwurqj1Db Lq hyhqwv zkhuh P vhoov wkh lqsxw ri vhoohu 4 wr ex|hu 6/ P uhfhlyhv d kljkhu
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sulfh zkhq lw kdv wkh olqn wkdq zkhq lw grhv qrw1 Wklv vwudwhjlf hhfw udlvhv wkh ydoxh ri wkh olqn
wr P deryh lwv surgxfwlyh ydoxh1 Ilqdoo|/ zh frqvlghu P*v lqfhqwlyh wr lqyhvw lq dq _h{whuqdo%
olqn wr vhoohu 51 Wklv olqn lqfuhdvhv wkh sd|r ri ex|hu 5 exw ghfuhdvhv wkh sd|r ri vhoohu 4 zkr
qrz vrphwlphv orvhv ex|hu 5*v exvlqhvv wr vhoohu 51 Zh qg wkdw wklv jdlq dqg orvv h{dfwo| fdqfho=
P kdv qr lqfhqwlyh wr exlog wkh olqn hyhq wkrxjk wkh olqn lv zhoiduh hqkdqflqj1Sf
Wklv h{dpsoh uhyhdov d qhz frqvhtxhqfh ri yhuwlfdo phujhu lq d pxowlodwhudo vhwwlqj1 Ex|0
huv wkdw rzq d qhwzrun surgxfwlyh idflolw| pljkw qrw lqyhvw lq uhodwlrqvklsv zlwk rwkhu vhoohuv/
hyhq zkhq vxfk olqnv zrxog eh hflhqw1 Wklv uhvxow kdv qr dqdorj| lq Erowrq dqg Zklqvwrq*v
+4<<6, vhwwlqj/ ehfdxvh wkh| gr qrw frqvlghu wkh srvvlelolw| ri pxowlsoh lqyhvwphqwv e| xsvwuhdp
upv1 Wkh h{dpsoh/ wkhq/ ghprqvwudwhv d jhqhudo srlqw wkdw lq d pxowlodwhudo hqylurqphqw sdu0
wldo phujhu qhhg qrw xqdpeljxrxvo| lpsuryh lqyhvwphqw lqfhqwlyhv hyhq iru wkh phujhg upv1
D srvvleoh gluhfwlrq iru ixwxuh uhvhdufk zrxog eh wr xvh wkh qhwzrun prgho ghyhorshg khuh wr
v|vwhpdwlfdoo| h{dplqh wkh lqwhudfwlrq ehwzhhq rzqhuvkls vwuxfwxuh/ lqgxvwuldo vwuxfwxuh/ dqg
lqyhvwphqwv1 Ehfdxvh wkh prgho doorzv iru pdq| glhuhqw frqjxudwlrqv ri olqnv/ d zlgh udqjh ri
lpsolfdwlrqv ri rzqhuvkls fkdqjhv pd| eh hdvlo| fdswxuhg1
. L?U*tL?
Wklv sdshu ghyhorsv d wkhru| ri dowhuqdwlyh lqgxvwuldo vwuxfwxuhv1 Zh frqwudvw pdunhwv/ zkhuh
ex|huv rewdlq vwdqgdugl}hg lqsxwv/ wr yhuwlfdo lqwhjudwlrq dqg qhwzrunv/ zkhuh ex|huv rewdlq
vshfldol}hg lqsxwv pdgh wr rughu1 Vshfldol}hg lqsxw surgxfwlrq uhtxluhv lqyhvwphqw lq vshflf
dvvhwv1 Yhuwlfdoo| lqwhjudwhg upv lqyhvw lq wkhlu rzq vxsso| idflolwlhv1 Lq qhwzrunv/ ex|huv lqyhvw
lq olqnv wr vshflf vhoohuv/ zkr lq wxuq lqyhvw lq d txdvl0ex|hu0vshflf dvvhwv1 Wkhvh dvvhwv pdnh
vhoohuv _h{leoh vshfldolvwv% zkr fdq surgxfh vshfldol}hg lqsxwv wr olqnhg ex|huv* vshflfdwlrqv1
Zh h{dplqh erwk wkh vrfldo dqg lqglylgxdo lqfhqwlyhv wr irup wkhvh lqgxvwuldo vwuxfwxuhv1 Wkh
zhoiduh frpsdulvrq ghshqgv rq lqyhvwphqw frvwv dqg ghpdqg xqfhuwdlqw|1 Zh qg wkdw zkhq
ex|huv idfh vxflhqwo| odujh lglrv|qfudwlf vkrfnv dqg surgxfwlyh fdsdflw| lv frvwo|/ ghqvh qhwzrunv
duh wkh hflhqw lqgxvwuldo vwuxfwxuh1 Ex|huv vkrxog kdyh olqnv wr pxowlsoh vhoohuv dqg vkduh wkhlu
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fdsdflw|1 Wkh olqnv doorz lqsxwv wr eh doorfdwhg wr wkh ex|huv zlwk wkh kljkhvw ydoxdwlrqv1
Zkhq frqwudfwv duh lqfrpsohwh/ wkh hflhqw lqgxvwuldo vwuxfwxuh pljkw qrw eh dq htxloleulxp
rxwfrph1 Yhuwlfdoo| lqwhjudwhg upv* lqyhvwphqw lqfhqwlyhv duh dozd|v doljqhg zlwk hfrqrplf
zhoiduh1 Qhwzrunv lqyhvwphqw lqfhqwlyhv qhhg qrw eh ehfdxvh h{ dqwh lqyhvwphqwv fdq dhfw wkh
h{ srvw glylvlrq ri vxusoxv1 Ghvslwh wkhvh glvwruwhg lqyhvwphqw lqfhqwlyhv/ krzhyhu/ zh qg wkdw
qhwzrun htxloleuld duh dozd|v vhfrqg0ehvw lqgxvwuldo vwuxfwxuhv1
Wkhvh qhwzrun htxloleuld pljkw uhvroyh sduw ri wkh sx}}oh ^vhh Kropvwurp dqg Urehuwv +4<<;,`
ri zk| qrq0lqwhjudwhg upv duh revhuyhg wr pdnh odujh vshflf lqyhvwphqwv1 Lq wkh qhwzrunv
zh dqdo|}h/ ex|huv lqyhvw lq dvvhwv vshflf wr pruh wkdq rqh/ exw qrw dq xqolplwhg qxpehu/ ri
vhoohuv1 Erwk e| pdnlqj wkhvh lqyhvwphqwv dqg e| olplwlqj wkhlu qxpehu/ ex|huv lqfuhdvh vhoohuv*
lqfhqwlyhv wr lqyhvw lq dvvhwv wkdw hqkdqfh wkh ydoxh ri vshfldol}hg lqsxwv1 Ryhudoo/ wkhuh lv d
vdylqjv lq lqyhvwphqw frvwv dqg d zhoiduh lpsuryhphqw1
Wkh dqdo|vlv kdv ixuwkhu lpsolfdwlrqv iru hydoxdwlqj _uhdo zruog% vxsso| uhodwlrqv1 Li dq lqgxv0
wu| lv rujdql}hg dv d qhwzrun/ rxu uhvxowv lqglfdwh wkdw d qhwzrun pxvw eh wkh hflhqw lqgxvwuldo
vwuxfwxuh1 +Li yhuwlfdo lqwhjudwlrq zhuh wkh hflhqw vwuxfwxuh/ qhwzrunv zrxog qrw eh dq htxl0
oleulxp1, Wkh qhwzrun zh revhuyh pd| qrw eh wkh uvw0ehvw qhwzrun/ exw lw grhv |lhog juhdwhu
zhoiduh wkdq yhuwlfdo lqwhjudwlrq ru pdunhwv1 Rq wkh rwkhu kdqg/ li dq lqgxvwu| lv yhuwlfdoo| lqwh0
judwhg +ru d pdunhw,/ yhuwlfdo lqwhjudwlrq +ru pdunhw, lv qrw qhfhvvdulo| wkh hflhqw vwuxfwxuh1 D
qhwzrun vwuxfwxuh pd| eh hflhqw exw grhv qrw hphujh ehfdxvh ri glvwruwhg lqyhvwphqw lqfhqwlyhv
ru vlpsoh frruglqdwlrq idloxuh1
Wklv vwxg| dovr |lhogv vhyhudo suhglfwlrqv derxw glhuhqfhv lq vxsso| vwuxfwxuhv dfurvv lqgxv0
wulhv zkhq ex|huv idfh lglrv|qfudwlf vkrfnv1 Iluvw/ zkhq lqyhvwphqwv lq txdvl0vshflf surgxfwlyh
dvvhwv duh uhodwlyho| lqh{shqvlyh/ dq lqgxvwu| lv pruh olnho| wr kdyh d yhuwlfdoo| lqwhjudwhg vwuxf0
wxuh1 Vhfrqg/ iru lqwhuphgldwh frvwv ri txdvl0vshflf dvvhwv dq lqgxvwu| lv pruh olnho| wr kdyh d
qhwzrun vwuxfwxuh1 Wklv zloo eh hvshfldoo| wuxh zkhq wkh olqnv wr vhoohuv 0 frppxqlfdwlrq/ wudlq0
lqj/ hwf1 0 duh qrw surklelwlyho| h{shqvlyh1S Ilqdoo|/ pdunhwv iru vwdqgdugl}hg lqsxwv pd| eh dq
lqglfdwlrq ri surklelwlyho| kljk frvwv ri txdvl0vshflf surgxfwlyh fdsdflw| iru vshfldol}hg lqsxwv1
Wkh dqdo|vlv lqglfdwhv wkdw revhuyhg glhuhqfhv lq vxsso| vwuxfwxuhv pd| eh gxh wr glhuhqw
pdjqlwxghv ri up0vshflf vkrfnv1 Fdvh vwxglhv vkrz wkdw/ ryhu wlph/ fkdqjhv lq ghpdqg xqfhu0
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wdlqw| pd| dhfw vxsso| duudqjhphqwv1 Khoshu/ PdfGxh/ dqg Vdeho +4<<:, dujxh wkdw vwduwlqj
lq wkh odwh 4<53*v/ wkhuh zdv dq lqfuhdvh lq xqfhuwdlqw| lq wkh X1V1 dxwrpreloh lqgxvwu| ehfdxvh
ri frpshwlwlrq iurp wkh hphujlqj xvhg fdu pdunhw dqg qhz lqghshqghqw pdqxidfwxuhuv1 Wkh elj
dxwrpdnhuv JP dqg Irug pryhg dzd| iurp yhuwlfdo lqwhjudwlrq wr h{leoh/ frooderudwlyh duudqjh0
phqwv zlwk lqghshqghqw vxssolhuv1 Wklv wuhqg wr glvlqwhjudwlrq odvwhg wkurxjk Zruog Zdu LL/ wkhq
uhyhuvhg1S2 Vlploduo|/ Vwrushu +4<;<, krogv wkdw yrodwlolw| lq wkh ghpdqg iru Kroo|zrrg prylhv
lqfuhdvhg lq wkh odwh 4<73*v zlwk wkh dgyhqw ri whohylvlrq/ ohdglqj wr d uhsodfhphqw ri wkh yhuwl0
fdoo| lqwhjudwhg vwxglr v|vwhp zlwk rxwvrxuflqj iru pdq| dvshfwv ri d op*v surgxfwlrq1S Wkhvh
vwxglhv vxjjhvw wkdw glvlqwhjudwhg vxsso| vwuxfwxuhv duh d uhvsrqvh wr xqghuo|lqj hqylurqphqwdo
xqfhuwdlqw|1
Rxu dqdo|vlv qgv wkdw kljk up0vshflf ghpdqg vkrfnv vkrxog eh dvvrfldwhg zlwk d pruh
qhwzrun0olnh lqgxvwuldo vwuxfwxuh1 Juhdwhu yduldqfhv ri wkhvh vkrfnv vkrxog eh dvvrfldwhg zlwk d
ghqvhu qhwzrun vwuxfwxuh1 Ilqdoo|/ djjuhjdwh ru lqgxvwu|0zlgh ghpdqg vkrfnv pd| qrw eh uhodwhg
wr wkhvh glhuhqfhv lq lqgxvwuldo vwuxfwxuhv/ xqohvv wkh| dhfw wkh glvwulexwlrqv ri up0vshflf
vkrfnv1
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;141 Irupdo Qrwdwlrq iru wkh Prgho
Lqgxvwuldo Vwuxfwxuhv= Zh xvh pdwulfhv wr prgho dq lqgxvwuldo vwuxfwxuh1 Wkh judsk J fdq
eh uhsuhvhqwhg zlwk wzr pdwulfhv/ J  +J>],1 Wkh uvw pdwul{/ J/ lv d E  +V . 4, pdwul{
^jc ` 5 i3> 4j/ wkdw uhsuhvhqwv wkh olqnv dqg vwdwxv ri wkh ex|huv1 Zkhq ex|hu l kdv d olqn wr
vhoohu m ^jc ` @ 4/ rwkhuzlvh ^jc` @ 31 Zkhq d ex|hu l lv d yhuwlfdoo| lqwhjudwhg up/ ^jc7n` @ 4/
rwkhuzlvh ^jc7n` @ 31 Li doo hohphqwv ri urz l duh htxdo wr }hur/ ex|hu l lv lq wkh pdunhw iru
vwdqgdugl}hg lqsxwv1 ] lv d +V . 4,  +V . 4, pdwul{ wkdw uhsuhvhqwv wkh vwdwxv ri vhoohuv1 Iru
vhoohu m wkdw kdv lqyhvwhg lq surgxfwlyh fdsdflw|/ ^}c` @ 4/ rwkhuzlvh ^}c ` @ 31 Wkh odvw gldjrqdo
hohphqw ^}E7ncE7n` lv htxdo wr rqh1 Wkh r0gldjrqdo hohphqwv ri ] duh doo htxdo wr }hur1 Wkh
surgxfw J  ] lv d E  +V . 4, pdwul{ zklfk vkrzv wkh qxpehu ri yhuwlfdoo| lqwhjudwhg upv/
wkh olqnv ehwzhhq ex|huv dqg vhoohuv/ dqg vhoohuv* surgxfwlyh dvvhwv wkdw fdq dfwxdoo| eh xvhg
iru h{fkdqjh1 E| pxowlso|lqj J dqg ]/ zh _dfwlydwh% ex|huv* olqnv wr vhoohuv dv zhoo dv ex|huv*
lqyhvwphqwv lq surgxfwlyh fdsdflw|1 D olqn wr d vhoohu wkdw kdv qrw lqyhvwhg lq surgxfwlyh fdsdflw|/
iru h{dpsoh/ zloo qrw eh vkrzq lq J  ] exw zloo eh vkrzq lq J1
Doorfdwlrqv= Dq doorfdwlrq lv d E +V .4, pdwul{/ D/ ^d` 5 i3> 4j/ zkhuh ^dc ` @ 4 lqglfdwhv
wkdw ex|hu l rewdlqv d jrrg iurp vhoohu m/ dqg ^dc7n` @ 4 lqglfdwhv wkdw d yhuwlfdoo| lqwhjudwhg
up rewdlqv d jrrg iurp lwvhoi1 Zh uhvwulfw dwwhqwlrq wr ihdvleoh doorfdwlrqv ri jrrgv 0 d ex|hu
wkdw lv doorfdwhg d jrrg iurp d sduwlfxodu vhoohu pxvw eh olqnhg wr wkdw vhoohu/ dqg qr ex|hu +vhoohu,
lv sdluhg wr pruh wkdq rqh vhoohu +ex|hu,1 Wkdw lv/ D lv d vxejudsk ri J  ]/ dqg iru ^dcn` @ 4/
zh pxvw kdyh ^d&` @ 3 iru doo vhoohuv n 9@ m/ dqg ^d,` @ 3 iru doo ex|huv o 9@ l=
Jlyhq d yhfwru y ri ex|huv* ydoxdwlrqv/ wkh hfrqrplf vxusoxv ri dq doorfdwlrq D lv z+y>D,= Zh
fdq zulwh z+y>D, @ y D  4> zkhuh 4 lv dq +V . 4, 4 pdwul{ zkhuh hdfk hohphqw lv 41
;151 Surriv dqg Rwkhu Pdwhuldo
Surri ri Ohppd 41
Iru qrwdwlrqdo frqyhqlhqfh/ frqvlghu dq lqgxvwuldo vwuxfwxuh J zkhuh doo E ex|huv dqg V
vhoohuv duh lq d qhwzrun1 Frqvlghu dq| doorfdwlrq D lq zklfk hyhu| vhoohu*v lqsxw lv doorfdwhg wr d
glvwlqfw ex|hu1 Li wklv doorfdwlrq durvh lq hyhu| vwdwh ri wkh zruog/ wkh h{ dqwh h{shfwhg vxusoxv
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zrxog eh Vy= Lq hdfk vwdwh ri wkh zruog/ wkh hflhqw doorfdwlrq DW+y>J, |lhogv zhdno| kljkhu
vxusoxv wkdq D= Wkhuhiruh/ H ^z+D
W+y>J,`  Vy= Iru hdfk uhdol}dwlrq ri ex|huv* ydoxdwlrqv y>
wkh hflhqw doorfdwlrq ghshqgv rqo| rq wkh rughulqj ri ex|huv ydoxdwlrqv/ qrw wkh ohyho1 Ehfdxvh















Surri ri Ohppd 51
Iru dq| glvwulexwlrq [  I +{, zlwk ghqvlw| i+{,> zlwk phdq 3 dqg yduldqfh qrupdol}hg wr 4/
zh frqvlghu wkh idplo| ri glvwulexwlrqv rewdlqhg e| fkdqjlqj wkh yduldqfh e| d idfwru 21
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Surri ri Sursrvlwlrq 41 Frqvlghu d qhwzrun zlwk E ex|huv dqg V  E vhoohuv1Se E| Ohppd




G1 Vlqfh/ e| Ohppd D5/ G> iru doo l lv




G lv zhdno| lqfuhdvlqj lq 21 Wkh jurvv vxusoxv ri wkh




G A 3/ wkhq wkh jdlqv iurp wudgh duh
vwulfwo| lqfuhdvlqj lq 2=
Surri ri Sursrvlwlrq 51 Frqvlghu dq lqgxvwu| zlwk E ex|huv lq d qhwzrun zlwk V ? E vhoohuv/
dqg yduldqfh 2 A 31 Iru f vxflhqwo| vpdoo/ wkh qhwzrun wkdw |lhogv wkh juhdwhvw zhoiduh lv
dq doorfdwlyho| frpsohwh qhwzrun zlwk wkh ohdvw qxpehu ri olqnv1 Vxfk d qhwzrun |lhogv zhoiduh
V+y  , .
7S
'
G+2,  V+E  V . 4,f/ zkhuh
7S
'
G+2, A 3 e| Ohppd 4 dqg E  V . 4
olqnv shu vhoohu lv qhfhvvdu| dqg vxflhqw iru dq doorfdwlyho| frpsohwh qhwzrun +Nudqwrq dqg
Plqhkduw +4<<;,,1 Wklv qhwzrun |lhogv juhdwhu zhoiduh wkdq d ixoo| yhuwlfdoo| lqwhjudwhg vwuxfwxuh
iru  A +2, @ y  E37
7S
'
G+2, . 7E37nE37 f1 Vlqfh
7S
'
G+2, A 3/ +2, ? y/ dqg iru
 A +2, dqg f vxflhqwo| vpdoo/ wkh qhwzrun |lhogv juhdwhu zhoiduh1 Wkh qhwzrun |lhogv juhdwhu




G+2, +E  V . 4,f1
Iru f vxflhqwo| vpdoo/ +2, A +2,1 Vlqfh
7S
'
G+2, lv lqfuhdvlqj lq 2 e| Ohppd 5/ wklv
udqjh lv lqfuhdvlqj lq 21
Surri ri Sursrvlwlrq 61 Wkh glhuhqfh ehwzhhq wkh zhoiduh ri dq| qhwzrun Q dqg d vwulfw
vxejudsk Q  lv d olqhdu ixqfwlrq ri y dqg ri glhuhqfhv ri wkh irup &G?,G? zkhuh n A o= Wklv lv
ehfdxvh lq wkh pruh ghqvh qhwzrun wkhuh fdq eh pruh lqsxwv doorfdwhg lq wkh hflhqw doorfdwlrq/
dqg lqsxwv fdq eh doorfdwhg wr ex|huv zlwk ydoxdwlrqv wkdw duh kljkhu lq wkh rughulqj1 Iru dq|
n A o/ &G? ,G?  31 Vlqfh wkh h{shfwdwlrq ri hdfk rughu vwdwlvwlf lv krprjhqhrxv ri ghjuhh rqh
lq 2/ wkh glhuhqfh lv lqfuhdvlqj lq 21 Wkhuhiruh/ wkh vxp ri wkhvh whupv lv lqfuhdvlqj lq 2=
Erxqgdulhv ri Uhjlrqv lq Iljxuh 6
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 5 U dqg t lv dq lqwhjhu1 Wkh qhz olqn sdwwhuq fkdqjhv wkh wrwdo olqn frvwv dqg wkh ihdvleoh
doorfdwlrqv ri jrrgv dprqj wkh h{lvwlqj vhoohuv dqg ex|huv1 Wkhuhiruh/ wkh glhuhqfh ehwzhhq




G . tf/ jlylqj xv wkh irup ri wkh erxqgdu|




G ghulyhv iurp wkh idfw wkdw fkdqjhv lq




G.tf Iru d jlyhq qxpehu ri vhoohuv dqg
ex|huv/ dv f lqfuhdvhv wklv zhoiduh fkdqjh pd| eh srvlwlyh/ dqg wkh qhwzrun Q +> f, lv qr orqjhu
hflhqw1 Zlwk erxqgdulhv ri wkhvh wzr irupv/ dq| frruglqdwhv rq wkh erxqgdulhv ri wkhvh uhjlrqv









Wkh uhjlrq zkhuh Q lv hflhqw fdq eh glylghg lqwr wuldqjohv dqg uhfwdqjohv1 Iru wuldqjohv/ wkh
edvh ri wkh wuldqjoh zrxog eh phdvxuhg dorqj wkh f d{lv dqg wkh khljkw dorqj wkh  d{lv1 Wkh edvh lv
























G1 Wkh vdph krogv iru wkh vlghv ri uhfwdqjohv1 Wkhuhiruh/ wkh irupxod iru wkh
















G zkhuh {G lv wkh lwk rughu
vwdwlvwlf iru wkh sduhqw glvwulexwlrq I 1
Qrz frqvlghu wkh duhd zkhuh d qhwzrun lv erwk hflhqw dqg vwdeoh1 Wkh erxqgdulhv ri wkh




G . tf zkhuh  5 U dqg t lv dq lqwhjhu ru ri
wkh irup f @
S
'
G1 Ehfdxvh hdfk ex|hu hduqv wkh pdujlqdo ydoxh ri lwv frqwulexwlrq wr d




G  tf1 D ex|hu hduqv y   iurp
yhuwlfdo lqwhjudwlrq1 Wkhuhiruh wkh erxqgdulhv ri wkh htxloleulxp uhjlrq wkdw ghulyh iurp wkh









G ehfdxvh wkh| h{shfw wr hduq
wkh ydoxdwlrq ri wkh _qh{w0ehvw% ex|hu1 Wkhuhiruh wkh erxqgdulhv ri wkh htxloleulxp uhjlrq wkdw




G1 Ilqdoo|/ zh frqvlghu wkh erxqgdulhv
wkdw ghulyh iurp ex|huv* lqfhqwlyhv wr fkdqjh olqnv1 Dq| fkdqjh lq d ex|hu*v olqnv zrxog |lhog










Zlwk erxqgdulhv ri wkhvh irupv/ wkh irupxod iru wkh duhd ri wkh uhjlrq zkhuh wkh qhwzrun lv dq
htxloleulxp lv krprjhqrxv ri ghjuhh 5 lq 2/ dv dujxhg deryh iru wkh hflhqf| uhjlrq1 Ilqdoo|/
69
qrwh wkdw wkh uhjlrq zkhuh wkh qhwzrun lv erwk hflhqw dqg vwdeoh pxvw kdyh erxqgdulhv ri wkh
vdph irupv1
Surri ri Sursrvlwlrq ;1
Vxssrvh 2 A 3 dqg E  61 Frqvlghu d qhwzrun zkhuh doo E ex|huv lqyhvw lq rqh olqn wr rqh
vshfldol}hg vhoohu zklfk lqyhvwv lq d h{leoh dvvhw1 Vlqfh e| Ohppd 5 &G+2, lv krprjhqhrxv ri
ghjuhh rqh/ zh zloo zulwh wkh h{shfwdwlrq ri wkh n| rughu vwdwlvwlf dv 2&G1













1 +Vlqfh 2 A 3 dqg G A 2G/ vxfk d vwulfwo| srvlwlyh frvw h{lvwv1,
Ghqh wkh lqyhvwphqw frvw W+fW, ? y wr eh wkh frvw zkhuh d ex|hu hduqv h{dfwo| wkh vdph surwv










doo if> j vxfk wkdw f  fW+2, dqg   W+fW,/ wkh ex|hu*v htxloleulxp frqglwlrq lv vdwlvhg1
Fohduo|/ fW+2, lv lqfuhdvlqj lq 2 dqg W+fW, lv frqvwdqw1
Xqghu wkh frpshwlwlyh uhyhqxh uxoh/ wkh vhoohu*v htxloleulxp frqglwlrq lv y.22G  1 Wklv
frqglwlrq lv vdwlvhg iru doo  ehorz wkh fulwlfdo lqyhvwphqw frvw W+2,  y . 22G zklfk lv
zhdno| lqfuhdvlqj lq 21
Lw uhpdlqv wr suryh wkdw W+2, A W+fW, iru vrph fW+2, A 3> l1h1/ wkhuh h{lvwv d qrq0
hpsw| udqjh ri lqyhvwphqw frvwv  zkhuh wkh ex|huv* dqg wkh vhoohu*v htxloleulxp frqglwlrqv
duh doo vdwlvlhg1 Frqvlghu wkh orzhvw srvvleoh W+fW,1 Wklv rffxuv zkhq fW+2, lv wkh orzhvw
srvvleoh/ vr wkdw ex|huv hduq wkh kljkhvw srvvleoh surwv iurp d qhwzrun1 Dv d ehqfkpdun/ vhw





dqg W+2, A W+fW, li dqg rqo| li









2G A 31 Wkh fodlp
ehorz vkrzv wkdw wklv frqglwlrq lv dozd|v vdwlvhg iru E  6 gudzv iurp d glvwulexwlrq I zlwk
phdq 31 Vlqfh lw lv d vwulfw lqhtxdolw|/ zh fdq uhod{ rxu dvvxpswlrq wkdw fW+2, @ 3 dqg qg dq
duelwudulo| vpdoo fW+2, A 3 vxfk wkdw doo frqglwlrqv duh vdwlvhg1 +Iru E @ 5/ 2
G2 . 2
2G @ 3/





2G A 3 iru E  61






G @ 1 Wkhuhiruh/ iru d glvwulexwlrq zlwk phdq 3/ 

























Surri ri Sursrvlwlrq <1
Vxssrvh 2 A 3 dqg E  61 Frqvlghu d qhwzrun zkhuh doo E ex|huv lqyhvw lq rqh olqn wr rqh
vshfldol}hg vhoohu zklfk lqyhvwv lq d h{leoh dvvhw1 Vlqfh e| Ohppd 5 &G+2, lv krprjhqhrxv ri
ghjuhh rqh/ zh zloo zulwh wkh h{shfwdwlrq ri wkh n| rughu vwdwlvwlf dv 2&G1
Wkh Vkdsoh| ydoxh lv d zhljkwhg vxp ri dq djhqw*v frqwulexwlrq wr glhuhqw frdolwlrqv1 Wkh
zhljkw sodfhg rq d frdolwlrq ri vl}h q lq wklv qhwzrun zlwk E . 4 djhqwv lv ?-E3?-En- 1
Zlwk wkh Vkdsoh| uhyhqxh uxoh/ hdfk ex|hu*v uhyhqxhv ghulyh iurp lwv frqwulexwlrq wr frdolwlrqv
ri vl}h q @ 4   E1 Wkh rqo| frdolwlrqv wr zklfk d ex|hu zrxog dgg vxusoxv duh frdolwlrqv





Wkhvh frdolwlrqv frqvlvw ri q  4 ex|huv dqg rqh vhoohu1 Iru q @ 4/ wkh frqwulexwlrq lv y= Iru

































 f  y  
Frqvlghu d olqn frvw fW+2, A 3 vxfk wkdw d ex|hu hduqv  A 3 surwv lq wkh qhwzrun1





G?  2G?  1 Ghqh wkh lqyhvwphqw frvw W+fW, ? y wr eh wkh frvw zkhuh










G?  2G? fWl @ y  1 Iru doo if> j vxfk wkdw f  fW+2, dqg
  W+fW,/ wkh ex|hu*v htxloleulxp frqglwlrq lv vdwlvhg1 Fohduo|/ fW+2, lv lqfuhdvlqj lq 2 dqg
W+fW, lv frqvwdqw1
Qrz frqvlghu wkh vhoohu*v htxloleulxp frqglwlrq1 Wkh vhoohu*v uhyhqxhv ghulyhv iurp lwv frqwul0


































W+2, lv lqfuhdvlqj lq 21
Lw uhpdlqv wr vkrz wkdw iru 2 vxflhqwo| kljk/ W+2, A W+fW, vr wkdw wkh wkhuh h{lvwv d
qrq0hpsw| vhw ri lqyhvwphqw frvwv  vxfk wkdw ex|huv* dqg vhoohu*v htxloleulxp frqglwlrqv duh doo

















Vlqfh G? A 3/

G?  2G? A 3 dqg k3

l
$ 4 dv E lqfuhdvhv/ wklv lqhtxdolw| lv vdwlvhg iru 2
dqg E vxflhqwo| kljk1 Vlqfh lw lv d vwulfw lqhtxdolw|/ zh fdq uhod{ rxu dvvxpswlrq wkdw fW+2, @ 3
dqg qg dq duelwudulo| vpdoo fW+2, A 3 vxfk wkdw doo htxloleulxp frqglwlrqv duh vdwlvhg1
6<
b +iuihi?Uit
Dnvr|/ D1 dqg N1 Urelqv1 4<<51 _Kroo|zrrg iru wkh 54vw Fhqwxu|= Joredo Frpshwlwlrq iru
Fulwlfdo Pdvv lq Lpdjh Pdunhwv1% Fdpeulgjh Mrxuqdo ri Hfrqrplfv/ 49/ 40551
Dxpdqq/ Urehuw dqg Urjhu P|huvrq1 4<;;1 _Hqgrjhqrxv Irupdwlrq ri Olqnv ehwzhhq Sod|huv
dqg Frdolwlrqv= Dq Dssolfdwlrq ri wkh Vkdsoh| Ydoxh/% lq Wkh Vkdsoh| Ydoxh/ Doylq Urwk +hg1,/
Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1
Edurq/ Gdylg1 4<:41 _Ghpdqg Xqfhuwdlqw| lq Lpshuihfw Frpshwlwlrq1% Lqwhuqdwlrqdo Hfrqrplf
Uhylhz 45 +5,/ ss1 4<9053;1
Erowrq/ Sdwulfn dqg Plfkdho G1 Zklqvwrq1 4<<61 _Lqfrpsohwh Frqwudfwv/ Yhuwlfdo Lqwhjudwlrq/
dqg Vxsso| Dvvxudqfh1% Uhylhz ri Hfrqrplf Vwxglhv/ 93/ 454047;1
Euxvfr/ V1 4<;51 _Wkh Hploldq Prgho= Surgxfwlyh Ghfhqwudol}dwlrq dqg Vrfldo Lqwhjudwlrq1%
Fdpeulgjh Mrxuqdo ri Hfrqrplfv/ 9/ 49:04;7
Fduowrq/ Ghqqlv1 4<:;1 _Pdunhw Ehkdylru zlwk Ghpdqg Xqfhuwdlqw| dqg Sulfh Lqh{lelolw|/%
Dphulfdq Hfrqrplf Uhylhz 9; +7,/ ss1 8:408;:1
Fduowrq/ Ghqqlv1 4<:<1 _Yhuwlfdo Lqwhjudwlrq lq Frpshwlwlyh Pdunhwv xqghu Xqfhuwdlqw|/% Wkh
Mrxuqdo ri Lqgxvwuldo Hfrqrplfv [[YLL +6,/ ss1 4;<053<1
Fdzwkruqh/ Sdphod P1 4<<81 _Ri Qhwzrunv dqg Pdunhwv= Wkh Ulvh dqg Ulvh ri d Vrxwk Lqgldq
Wrzq/ wkh H{dpsoh ri Wluxssxu*v Frwwrq Nqlwzhdu Lqgxvwu|/% Zruog Ghyhorsphqw 56 +4,/ 760891
Gdylg/ Khuehu D1 4<;41 Rughu Vwdwlvwlfv1 Qhz \run= Mrkq Zloh| ) Vrqv/ Lqf1
Ghpvnl/ Vdsslqjwrq/ dqg Vsloohu1 4<;:1 _Pdqdjlqj Vxssolhu Vzlwfklqj/% UDQG Mrxuqdo ri
Hfrqrplfv 4;/ ss1 ::0<:1
Ghpdqjh/ J1 dqg G1 Jdoh1 4<;81 _Wkh Vwudwhj| Vwuxfwxuh ri Wzr0Vlghg Pdwfklqj Pdunhwv/%
Hfrqrphwulfd 86+7,/ ss1 ;:6~;;;1
Hfrqrplghv/ Qlfkrodv dqg Fkduohv Klpphoehuj1 4<<81 _Fulwlfdo Pdvv dqg Qhwzrun Vl}h zlwk
Dssolfdwlrq wr wkh XV ID[Pdunhw/ Vwhuq Vfkrro ri Exvlqhvv dw Qhz \run Xqlyhuvlw|/ Ghsduwphqw
ri Hfrqrplfv/ Zrunlqj Sdshu HF0<80441
Idxonqhu/ U1 dqg D1 Dqghuvrq1 4<;:1 _Vkruw0Whup Surmhfwv dqg Hphujhqw Fduhhuv= Hylghqfh
iurp Kroo|zrrg1% Dphulfdq Mrxuqdo ri Vrflrorj|/7/ ;:<0<3<1
Ihoohu/ Z1 4<831 Dq Lqwurgxfwlrq wr Suredelolw| Wkhru| dqg Lwv Dssolfdwlrq1 Yroxph L1 Zloh|=
Qhz \run/ Iluvw hg1
Jurvvpdq/ Jhqh P1 dqg Hokdqdq Khospdq1 4<<41 _Txdolw| Odgghuv lq wkh Wkhru| ri Hfrqrplf
Jurzwk/% Uhylhz ri Hfrqrplf Vwxglhv/ 8; +4,/ ss1 760941
Jurvvpdq/ Vdqirug dqg Rolyhu Kduw1 4<;91 _Wkh Frvwv dqg Ehqhwv ri Rzqhuvkls= D Wkhru| ri
73
Odwhudo dqg Yhuwlfdo Lqwhjudwlrq/% Mrxuqdo ri Srolwlfdo Hfrqrp|/ <7/ ss1 9<40:4<1
Kduw/ Rolyhu dqg Mrkq Prruh1 4<<31 _Surshuw| Uljkwv dqg wkh Qdwxuh ri wkh Ilup/% Mrxuqdo ri
Srolwlfdo Hfrqrp|/ <;/ ss1 444<0448;1
Khoshu/ V1/ M1S1 PdfGxh/ dqg F1 Vdeho1 4<<:1 _Wkh Erxqgdulhv ri wkh Ilup dv d Ghvljq
Sureohp1% plphr/ Froxpeld Odz Vfkrro1
Khoshu/ V1 dqg G1 Ohylqh1 4<<51 _Orqj0Whup Vxssolhu Uhodwlrqv dqg Surgxfw0Pdunhw Vwuxfwxuh/%
Mrxuqdo ri Odz/ Hfrqrplfv/ ) Rujdql}dwlrq ;/ ss1 89408;41
Khqgulfnv/ N1 Slffrqh/ P dqg J1 Wdq1 4<<81 _Wkh Hfrqrplfv ri Kxev= wkh fdvh ri prqrsro|/%
Uhylhz ri Hfrqrplf Vwxglhv 95+4,/ ss1 ;6~<41
Khqulhw/ Grplqltxh dqg Khuyh Prxolq1 4<<91 _Wudf0Edvhg Frvw Doorfdwlrq lq d Qhwzrun/%
UDQG Mrxuqdo ri Hfrqrplfv 5:+5,/ ss1 6650781
Kropvwurp/ Ehqjw dqg Mrkq Urehuwv1 4<<;1 _Wkh Erxqgdulhv ri wkh Ilup Uhylvlwhg/% Mrxuqdo
ri Hfrqrplf Shuvshfwlyhv 45+7,/ ss1 :60<71
Krowkdxvhq/ Gxqfdq P1 4<:91 _Lqsxw Fkrlfhv xqghu Xqfhuwdlq Ghpdqg/% Dphulfdq Hfrqrplf
Uhylhz 99 +4,/ ss1 <704361
Mdfnvrq/ Pdwwkhz R1 dqg Dvkhu Zrolqvn|1 4<<91 _D Vwudwhjlf Prgho ri Vrfldo dqg Hfrqrplf
Qhwzrunv/% Mrxuqdo ri Hfrqrplf Wkhru|/ :4/ 770:71
Mrvnrz/ S1 4<;81 _Yhuwlfdq Lqwhjudwlrq dqg Orqj Whup Frqwudfwv= Wkh Fdvh ri Frdo0Exuqlqj
Hohfwulf Jhqhudwlqj Sodqwv/% Mrxuqdo ri Odz/ Hfrqrplfv/ dqg Rujdql}dwlrq 4= 660:<1
Nohlq/ E1 Fudzirug/ U1 dqg D1 Dofkldq1 4<:;1 _Yhuwlfdo Lqwhjudwlrq/ Dssursuldeoh Uhqwv/ dqg wkh
Frpshwlwlyh Frqwudfwlqj Surfhvv/ Mrxuqdo ri Odz dqg Hfrqrplfv 54/ ss1 5<:06591
Nudqwrq/ Udfkho dqg Gherudk Plqhkduw1 4<<;d1 _D Wkhru| ri Ex|hu0Vhoohu Qhwzrunv/% plphr0
judsk/ Ervwrq Xqlyhuvlw| dqg Xqlyhuvlw| ri Pdu|odqg1
Nudqwrq/ Udfkho dqg Gherudk Plqhkduw1 4<<;e1 _Frpshwlwlrq iru Jrrgv lq Ex|hu0Vhoohu Qhw0
zrunv/% plphrjudsk/ Ervwrq Xqlyhuvlw| dqg Xqlyhuvlw| ri Pdu|odqg1
Od}huvrq/ Pdun1 4<<61 _Idfwru| ru Sxwwlqj0RxwB Nqlwwlqj Qhwzrunv lq Prghqd/% lq Wkh Hp0
ehgghg Ilup= Rq wkh Vrflrhfrqrplfv ri Lqgxvwuldo Qhwzrunv/ Jhuqrw Judekhu hg1/ Qhz \run=
Urxwohgjh/ ss1 53605591
Ohodqg/ Kd|qh1 4<:51 _Wkhru| ri wkh Ilup Idflqj Xqfhuwdlq Ghpdqg/% Dphulfdq Hfrqrplf
Uhylhz 95 +6,/ ss1 5:;05<41
Ololhq/ Gdylg P1 4<;51 _Vhfwrudo Vkliwv dqg F|folfdo Xqhpsor|phqw/% Mrxuqdo ri Srolwlfdo Hfrq0
rp| <3 +74,/ ss1 :::0:<61
Oruhq}/ H1 K1 4<;<1 _Wkh Vhdufk iru Ioh{lelolw|= Vxefrqwudfwlqj lq Eulwlvk dqg Iuhqfk Hqjl0
qhhulqj/ % lq Uhyhuvlqj Lqgxvwuldo GhfolqhB= Lqgxvwuldo Vwuxfwxuh dqg Srolf| lq Eulwdlq dqg Khu
74
Frpshwlwruv/ Kluvw dqg ]hlwolq hgv1/ Qhz \run= Vw1 Pduwlq*v Suhvv/ ss1 45504851
Prqwhyhugh/ N1 dqg G1 Whhfh1 4<;51 _Vxssolhu vzlwfklqj frvwv dqg yhuwlfdo lqwhjudwlrq lq wkh
dxwrpreloh lqgxvwu|/% Ehoo Mrxuqdo ri Hfrqrplfv/46= 53905461
P|huvrq/ Urjhu1 4<::1 _Judskv dqg Frrshudwlrq lq Jdphv/% Pdwkhpdwlfv ri Rshudwlrqv Uh0
vhdufk/ 5/ ss1 558055<1
Qlvkljxfkl/ Wrvklklur1 4<<71 Vwudwhjlf Lqgxvwuldo Vrxuflqj1 Qhz \run= R{irug Xqlyhuvlw| Suhvv1
Qrkuld/ Q1 4<<51 _Lqirupdwlrq dqg Vhdufk lq wkh fuhdwlrq ri Qhz Exvlqhvv Yhqwxuhv= Wkh Fdvh ri
wkh 45; Yhqwxuh Jurxs/% lq Qhwzrunv dqg Rujdql}dwlrqv= Vwuxfwxuh/ Irup/ dqg Dfwlrq1 Qrkuld/
Q dqg Hffohv/ U1 J/ hgv1/ Kduydug Exvlqhvv Vfkrro Suhvv/ 57305951
Slruh/ Plfkdho M1 dqg Fkduohv I1 Vdeho1 4<;71 Wkh Vhfrqg Lqgxvwuldo Glylgh1 Qhz \run= Edvlf
Errnv1
Udehoorwwl/ Urehuwd1 4<<81 _Lv Wkhuh dq cLqgxvwuldo Glvwulfw* PrghoB Irrwzhdu Glvwulfwv lq Lwdo|
dqg Ph{lfr Frpsduhg/% Zruog Ghyhorsphqw 56 +4,/ 5<0741
Ulrugdq/ Plfkdho1 4<<91 _Frqwudfwlqj zlwk Txdolhg Vxssolhuv/% Lqwhuqdwlrqdo Hfrqrplf Uhylhz
6:+4,/ ss1 448045;1
Urwk/ Doylq dqg Pdulogd Vrwrpd|ru1 4<<31 Wzr0Vlghg Pdwfklqj= D Vwxg| lq Jdph0Wkhruhwlf
Prgholqj dqg Dqdo|vlv1 Fdpeulgjh Xqlyhuvlw| Suhvv/ Qhz \run/ Q\1
Urwkvfklog/ Plfkdho dqg Juhjru| Zhughq1 4<:<1 _Uhwxuqv wr Vfdoh iurp Udqgrp Idfwru Vhuylfhv=
H{lvwhqfh dqg Vfrsh1% Wkh Ehoo Mrxuqdo ri Hfrqrplfv 43+4,/ Vsulqj/ 65<06681
Vd{hqldq/ Dqqdohh1 4<<71 Uhjlrqdo Dgydqwdjh= Fxowxuh dqg Frpshwlwlrq lq Vlolfrq Ydooh| dqg
Urxwh 45;1 Kduydug Xqlyhuvlw| Suhvv/ Fdpeulgjh PD1
Vfkhpdq/ G1 dqg S1 Vsloohu1 4<<51 _Ex|huv* Vwudwhjlhv/ Hqwu| Eduulhuv/ dqg Frpshwlwlrq/%
Hfrqrplf Lqtxlu| [[[/ ss1 74;~7691
Vfkplw}/ Kxehuw1 4<<81 _Vpdoo Vkrhpdnhuv dqg Iruglvw Jldqwv= Wdoh ri d Vxshufoxvwhu1% Zruog
Ghyhorsphqw/ Yro1 56/ Qr1 4/ ss1 <05;1
Vfkzhuw/ J1 4<;<1 _Zk| grhv Vwrfn Pdunhw Yrodwlolw| Fkdqjh ryhu Wlph1% Wkh Mrxuqdo ri
Ilqdqfh/ Yro1 77/ Qr1 8/ ss1 4448044861
Vfrww/ Doohq M1 4<;:1 Whfkqrsrolv1 Ehunhoh|= Xqlyhuvlw| ri Fdoliruqld Suhvv1
Vkdsoh|/ O1V1 dqg P1 Vkxeln1 4<:51 _Wkh Dvvljqphqw Jdph L= wkh Fruh1% Lqwhuqdwlrqdo Mrxuqdo
ri Jdph Wkhru|/ 4/ ss1 4440631
Vplwk/ Y1O1/ Edfnhupdq/ V1 dqg V1 Udvvhqwl/ _Hflhqf| dqg Lqfrph Vkduhv lq Kljk Ghpdqg
Hqhuj| Qhwzrunv/% plphr/ Xqlyhuvlw| ri Dul}rqd1
Vwrushu/ P1 4<;<1 _Wkh Wudqvlwlrq wr Ioh{leoh Vshfldolvdwlrq lq wkh XV Ilop Lqgxvwu|= H{whuqdo
75
Hfrqrplhv/ lq wkh Glylvlrq ri Oderxu/ dqg wkh Furvvlqj ri Lqgxvwuldo Glylghv1% Fdpeulgjh Mrxuqdo
ri Hfrqrplfv/46/ 5:606381
X}}l/ Euldq1 4<<91 _Wkh Vrxufhv dqg Frqvhtxhqfhv ri Hpehggqhvv iru wkh Hfrqrplf Shuirupdqfh
ri Rujdql}dwlrqv= Wkh Qhwzrun Hhfw/% Dphulfdq Vrflrorjlfdo Uhylhz 94/ 9:709<;1
X}}l/ Euldq1 4<<:1 _Vrfldo Vwuxfwxuh dqg Frpshwlwlrq lq Lqwhuup Qhwzrunv= Wkh Sdudgr{ ri
Hpehgghgqhvv/% Dgplqlvwudwlyh Vflhqfh Txduwhuo| 75/ ss1 680<:1
Zlooldpvrq/ Rolyhu1 4<:81 Pdunhwv dqg Klhudufklhv= Dqdo|vlv dqg Dqwlwuxvw Lpsolfdwlrqv/ Qhz
\run= Iuhh Suhvv1
Zlooldpvrq/ Rolyhu1 4<;81 Wkh Hfrqrplf Lqvwlwxwlrqv ri Fdslwdolvp/ Qhz \run= Iuhh Suhvv1
76
